X SUMMARY OF NOTATION

2 ReaL NUMBERS

The set of real numbers will be denoted by R, and R” will denote n-
dimensional Euclidean space. In R, the interval (a, b] is defined as {x € R:
a < x < b}, and (a, o0) as {x € R: x > a}; other types of intervals are defined

similarly. If a = (a;,...,a,) and b = (by, ..., b,) are points in R*,a <b
will mean a; < b; for all i. The interval (a, b] is defined as {x € R*: a; < x;
<b;,i=1,...,n}, and other types of intervals are defined similarly.

The set of extended real numbers is the two-point compactification
R U {oo} U {—o0}, denoted by R, the set of n-tuples (xi, ..., x,), with each
x; € R, is denoted by R”. We adopt the following rules of arithmetic in R:

a+o00=00+a= 00, a—o0=—00+a=—00, aeR,

00 + 00 = 00, —00 — 00 = —00 (00 — 00 is not defined),

o—oo.pd 00 if beR b>0,
broo=oo {—oo if beR, b<0,

a_ 9 =0, aeR (E is not deﬁned),
00 —00 00
0.-co=00-0=0.

The rules are convenient when developing the properties of the abstract
Lebesgue integral, but it should be emphasized that R is not a field under
these operations.

Unless otherwise specified, positive means (strictly) greater than zero, and
nonnegative means greater than or equal to zero.

The set of complex numbers is denoted by C, and the set of n-tuples of
complex numbers by C".

3 Funcrions

If f is a function from Q to Q' (written as f: @ — Q') and B C @/,
the preimage of B under f is given by f~'(B)={w e Q: f(w) € B).
It follows from the definition that f=({J,B:) =, f~1(B:), f~1(N; B:)
=M f~'B), A - B) = £ 1(A) — 7 (B); hence f~1(4°) = [f A
If # is a class of sets, f~!(#) means the collection of sets f~1(B),B € %

If f: R — R, f is increasing iff x < y implies f(x) < f(y); decreasing iff
x < y implies f(x) > f(y). Thus, “increasing” and “decreasing” do not have
the strict connotation. If f,: Q — R,n=1,2,..., the fn are said to form
an increasing sequence iff f,(w) < fy,11(w) for all n and w; a decreasing
sequence is defined similarly.
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If f and g are functions from  to R, statements such as f < g are always
interpreted as holding pointwise, that is, f(w) < g(w) for all ® € Q. Similarly,
if fir @ — R for each i €1, sup, f; is the function whose value at w is
sup{ fi(w): i € I}.

If f1, f2,... form an increasing sequence of functions with limit f [that
is, lim, o frn(w) = f(w) for all w], we write f, 1 f. (Similarly, f, | f is
used for a decreasing sequence.)

Sometimes, a set such as {w € Q: f(w) < g(w)} is abbreviated as {f < g};
similarly, the preimage {®w € Q: f(w) € B} is written as {f € B}.

If A C Q, the indicator of A is the function defined by Is(w)=1ifw €A
and by I4(w) = 0 if o ¢ A. The phras~ “characteristic function” is often used
in the literature, but we shall not adopt this term here.

If f is a function of two variables x and y, the symbol f(x, -) is used for
the mapping y — f(x, y) with x fixed.

The composition of two functions X: Q@ — Q' and f: @ — Q" is denoted
by foX or f(X).

If f: Q — R, the positive and negative parts of f are defined by f+
=max(f,0) and f~ = max(— f, 0), that is,

fr@) = {O f@ i f@z0,

if fw) <0,
oy J—fl) i f(w) <0,
fr@)= {0 it f)>0.

4 ToroLocY

A metric space is a set  with a function d (called a metric) from Q x Q
to the nonnegative reals, satisfying d(x, y) > 0,d(x, y) =0 iff x = y, d(x, y)
=d(y,x), and d(x,z) <d(x, y)+d(y,z). If d(x, y) can be O for x # y, but
d satisfies the remaining properties, d is called a pseudometric (the term
semimetric is also used in the literature).

A ball (or open ball) in a metric or pseudometric space is a set of the form
B(x,r)={y € Q: d(x, y) < r} where x, the center of the ball, is a point of
Q, and r, the radius, is a positive real number. A closed ball is a set of the
form B(x,r) ={y € Q: d(x, y) < r}.

Sequences in Q are denoted by {x,,n =1, 2,...}. The term “lower semi-
continuous” is abbreviated LSC, and “upper semicontinuous” is abbreviated
USC.

No knowledge of general topology (beyond metric spaces) is assumed,
and the few comments that refer to general topological spaces can safely
be ignored.
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5 VECTOR SPACES

The terms “vector space” and “linear space” are synonymous. All vector
spaces are over the real or complex field, and the complex field is assumed
unless the term “real vector space” is used.

A Hamel basis for a vector space L is a maximal linearly independent subset
B of L. (Linear independence means that if x;,...,x, € B,n=1,2, ..., and
c1, ..., cp are scalars, then 3 _;_; ¢;x; = O iff all ¢; = 0.) Alternatively, a Hamel
basis is a linearly independent subset B with the property that each x € L is a
finite linear combination of elements in B. [An orthonormal basis for a Hilbert
space (Chapter 3) is a different concept.]

The terms “subspace” and “linear manifold” are synonymous, each referring
to a subset M of a vector space L that is itself a vector space under the
operations of addition and scalar multiplication in L. If there is a metric on L
and M is a closed subset of L, then M is called a closed subspace.

If B is an arbitrary subset of L, the linear manifold generated by B, denoted
by L(B), is the smallest linear manifold containing all elements of B, that
is, the collection of finite linear combinations of elements of B. Assuming a
metric on L, the space spanned by B, denoted by S(B), is the smallest closed
subspace containing all elements of B. Explicitly, S(B) is the closure of L(B).

6 Zorn's LEMMaA

A partial ordering on a set S is a relation “<” that is
(1) reflexive: a < a;
(2) antisymmetric: if a < b and b < g, then a = b; and
(3) transitive: if a<band b < ¢, thena < c.

(All elements a, b, ¢ belong to S.)

If C C §, C is said to be fotally ordered iff for all a, b € C, either a < b or
b < a. A totally ordered subset of S is also called a chain in S.

The form of Zorn’s lemma that will be used in the text is as follows.

Let S be a set with a partial ordering “<.” Assume that every chain C in §
has an upper bound; in other words, there is an element x € S such that x > a
for all a € C. Then S has a maximal element, that is, an element m such that
for each a € § it is not possible to have m < a and m # a.

Zom’s lemma is actually an axiom of set theory, equivalent to the axiom
of choice.






CHAPTER

1

FUNDAMENTALS OF MEASURE AND
INTEGRATION THEORY

In this chapter we give a self-contained presentation of the basic concepts of
the theory of measure and integration. The principles discussed here and in
Chapter 2 will serve as background for the study of probability as well as
harmonic analysis, linear space theory, and other areas of mathematics.

1.1 IntrODUCTION

It will be convenient to start with a little practice in the algebra of sets.
This will serve as a refresher and also as a way of collecting a few results
that will often be useful.

Let Aj, Ay, ... be subsets of a set Q. If A; CA; C--- and |J,2; A, =4,
we say that the A, form an increasing sequence of sets with limit A, or that
the A, increase to A; we write A, 1 A. f A; DA; D --- and ﬂ:ilA,, =A,
we say that the A, form a decreasing sequence of sets with limit A, or that
the A, decrease to A; we write A, | A.

The De Morgan laws, namely, (U, 4.)" = N, A%, (N, 4s) = U, AS, im-
ply that

(1) if A, t A, then A;, | A% if A, | A, then A}, 1 A

It is sometimes useful to write a union of sets as a disjoint union. This may
be done as follows:
Let Ay, A,, ...be subsets of Q. For each n we have

2) U?:lAi = A U] NA)U AT NASNA;3)
U---U@AIN---A;,_{NA,).
Furthermore,
3) U;“;l A, = U;“;I(Af N---NAS [ NA,).

In (2) and (3), the sets on the right are disjoint. If the A, form an increasing
sequence, the formulas become
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@ UsAi=AUA—ADU-- U4, —Ap1)
and

(5) U;;“;I An = U;:.il(An “Anfl)

(take A as the empty set).

The results (1)—(5) are proved using only the definitions of union, intersec-
tion, and complementation; see Problem 1.

The following set operation will be of particular interest. If Aj, A,, ... are
subsets of Q, we define

(6) limsup, A, = oo U, Ak

Thus o € limsup, A, iff for every n, o € A; for some k > n, in other
words,

(7) € limsup, A, iff ® € A, for infinitely many n.

Also define

®) liminf, A, = U2 Nie, Ak
Thus w € liminf, A, iff for some n, w € A; for all kK > n, in other words,

(9) o €liminf, A, iff ® € A, eventually, that is, for all but finitely
many 7.

We shall call limsup, A, the upper limit of the sequence of sets A,, and
liminf, A, the lower limit. The terminology is, of course, suggested by the
analogous concepts for sequences of real numbers

limsupx, = infsupx,
n n k>n
liminf x,, = sup inf x;.
n n k>n
See Problem 4 for a further development of the analogy.

The following facts may be verified (Problem 5):

(10) (imsup, A,)° =liminf, A

(11) (iminf, A,)° =limsup, A;

(12) liminf, A, C limsup, A,

(13) IfA, tAorA, |A,thenliminf, A, =limsup, A, = A.

In general, if liminf, A, = limsup, A, = A, then A is said to be the limit
of the sequence Ay, Az, ...; we write A = lim, A,.

Problems

1. Establish formulas (1)-(5).
2. Define sets of real numbers as follows. Let A, = (—1/n, 1] if n is odd,
and A, = (—1, 1/n] if n is even. Find limsup, A, and liminf, 4,.

3. Let Q = R?, A, the interior of the circle with center at ((—1)"/n, 0) and
radius 1. Find limsup, A, and liminf, A,.



1.2 FIELDS, ¢-FIELDS, AND MEASURES 3

4. Let {x,} be a sequence of real numbers, and let A, = (—o0, x,,). What
is the connection between limsup,_, . X, and limsup, A, (similarly for
lim inf )?

5. Establish formulas (10)—(13).

6. Let A= (a, b) and B = (c,d) be disjoint open intervals of R, and let
C, =Aifnisodd, C, = Bif nis even. Find lim sup, C,, and liminf, C,.

1.2 FiELps, o-FIELDS, AND MEASURES

Length, area, and volume, as well as probability, are instances of the mea-
sure concept that we are going to discuss. A measure is a set function, that
is, an assignment of a number p(A) to each set A in a certain class. Some
structure must be imposed on the class of sets on which w is defined, and
probability considerations provide a good motivation for the type of structure
required. If © is a set whose points correspond to the possible outcomes of a
random experiment, certain subsets of Q will be called “events” and assigned
a probability. Intuitively, A is an event if the question “Does @ belong to A?”
has a definite yes or no answer after the experiment is performed (and the
outcome corresponds to the point w € Q). Now if we can answer the question
“Is w € A?” we can certainly answer the question “Is @ € A“?,” and if, for
eachi =1,..., n, we can decide whether or not w belongs to A;, then we can
determine whether or not @ belongs to |J7_; A; (and similarly for _; A;).
Thus it is natural to require that the class of events be closed under comple-
mentation, finite union, and finite intersection; furthermore, as the answer to
the question “Is w € Q?” is always “yes,” the entire space 2 should be an
event, Closure under countable union and intersection is difficult to justify
physically, and perhaps the most convincing reason for requiring it is that a
richer mathematical theory is obtained. Specifically, we are able to assert that
the limit of a sequence of events is an event; see 1.2.1,

1.2.1 Definitions. Let # be a collection of subsets of a set Q. Then .# is
called a field (the term algebra is also used) iff Q € % and .# is closed under
complementation and finite union, that is,

(a) Qe
(b) If A€ .#, then A € 7.
(C) IfAl,Az,...,An e?,thenU,'.':lAief.

It follows that % is closed under finite intersection. For if 4;, ..., A, € %,
then

[

UAC € F.

3:

i=1

'
!
i

f (c) is replaced by closure under countable union, that is,
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(d) IfA],Az, e?, then U?ilAi Ey,

F is called a o-field (the term o-algebra is also used). Just as above, .F is
also closed under countable intersection.

If # is a field, a countable union of sets in . can be expressed as the limit
of an increasing sequence of sets in .%, and conversely. To see this, note that
if A =2, An, then |J7_; A; 1 A; conversely, if A, 1 A, then A = J;2, A,.
This shows that a o-field is a field that is closed under limits of increasing
sequences.

1.2.2 Examples. The largest o-field of subsets of a fixed set Q is the col-
lection of all subsets of Q. The smallest o-field consists of the two sets @
and Q.

Let A be a nonempty proper subset of €, and let # = {@, Q, A, A°}. Then
F is the smallest o-field containing A, For if ¥ is a o-field and A € &, then
by definition of a o-field, €, @, and A" belong to ¥, hence # C ¥. But ¥ is
a o-field, for if we form complements or unions of sets in %, we invariably
obtain sets in .%. Thus .% is a o-field that is included in any o-field containing
A, and the result follows.

If Ay,...,A, are arbitrary subsets of 2, the smallest o-field containing
Ay, ..., A, may be described explicitly; see Problem 8.

If % is a class of sets, the smallest o-field containing the sets of . will be
written as o(.¥*"), and sometimes called the minimal o-field over .7, We also
call o() the o-field generated by ./, and currently this is probably the most
common terminology.

Let ©Q be the set R of real numbers. Let .# consist of all finite disjoint
unions of right-semiclosed intervals. (A right-semiclosed interval is a set
of the form (a, b] = {x: a < x < b}, —00 <a < b < co; by convention we
also count (a, co) as right-semiclosed for —co < a < co. The convention is
necessary because (—oo, a] belongs to .%, and if .%# is to be a field, the com-
plement (a, co) must also belong to .%.) It may be verified that conditions
(a)—(c) of 1.2.1 hold; and thus .% is a field. But .% is not a o-field; for
example, A, = (0,1 - (1/n)] € ¥, n=1,2,..., and U:O:IA,, =(0,1) ¢.7.

If Q is the set R = [—00, 00] of extended real numbers, then just as above,
the collection of finite disjoint unions of right-semiclosed intervals forms a
field but not a o-field. Here, the right-semiclosed intervals are sets of the
form (a, b] = {x: a <x < b}, —00 < a < b < 00, and, by convention, the sets
[—o0,b] = {x: —00 <x < b}, —00 < b < 00. (In this case the convention is
necessary because (b, oo] must belong to .%, and therefore the complement
[—oo, b] also belongs to .#.)

There is a type of reasoning that occurs so often in problems involving
o-fields that it deserves to be displayed explicitly, as in the following typical
illustration.
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If # is a class of subsets of Q and A C 2, we denote by "N A the class
{BNA: Be #}. If the minimal o-field over # is o(%") =.%#, let us show
that

O’A((/;ﬁ ﬂA) = ffﬂA,

where o4(%” N A) is the minimal o-field of subsets of A over " N A. (In other
words, A rather than  is regarded as the entire space.)

Now & C %, hence ¥ NA C.# NA,and it is not hard to verify that. % N A
is a o-field of subsets of A. Therefore o4(%" NA) C . # NA.

To establish the reverse inclusion we must show that BN A € o4(% N A) for
all B € .%. This is not obvious, so we resort to the following basic reasoning
process, which might be called the good sets principle. Let 7 be the class of
good sets, that is, let %" consist of those sets B € .% such that

BNA € o4(% NA).

Since .# and o4(%2 N A) are o-fields, it follows quickly that . is a o-field.
But 2" C .%, so that o(%°) C.%, hence .# = .7 and the result follows. Briefly,
every setin %~ is good and the class of good sets forms a o-field; consequently,
every set in o(%”) is good.

One other comment: If ¥ is closed under finite intersection and A € %,
then " NA = {C € 2. C C A}. (Observe that if C C A, then C = C NA))

1.2.3 Definitions and Comments. A measure on a o-field ¥ is a nonneg-
ative, extended real-valued function . on % such that whenever A, Az, ...
form a finite or countably infinite collection of disjoint sets in .%, we have

m (LnJAn) = ;I/«(An)-

If () =1, w is called a probability measure.

A measure space is a triple (2,.#, 1) where Q is a set, .%# is a o-field
of subsets of @, and y is a measure on #. If u is a probability measure,
(Q,.%, ) is called a probability space.

It will be convenient to have a slight generalization of the notion of a
measure on a o-field. Let % be a field, i a set function on .% (a map from
F to R ). We say that u is countably additive on .7 iff whenever Ay, A, ..
form a finite or countably infinite collection of disjoint sets in .% whose union
also belongs to # (this will always be the case if .# is a o-field) we have

m (UA) = ;u(An).

If this requirement holds only for finite collections of disjoint sets in 7, y is
said to be finitely additive on .%. To avoid the appearance of terms of the form
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+00 —o0 in the summation, we always assume that +00 and —oo cannot both
belong to the range of u.

If u is countably additive and p(A) > O for all A € ., u is called a measure
on %, a probability measure if £(Q2) = 1.

Note that countable additivity actually implies finite additivity. For if w(A)
= +4ooforall A € .7, orif u(A) = —oo for all A € %, the result is immediate;
therefore assume w(A) finite for some A € .%#. By considering the sequence
A 0,0, ..., we find that (@) = 0, and finite additivity is now established by

considering the sequence Ay, ..., A, d, @, ..., where Ay, ..., A, are disjoint
sets in .#.

Although the set function given by u(4) = +oo for all A € .# satisfies the
definition of a measure, and similarly u(A) = —oo for all A € .# defines a

countably additive set function, we shall from now on exclude these cases.
Thus by the above discussion, we always have p (@) = 0.

If Ae.% and u(A°) =0, we can frequently ignore A°; we say that p is
concentrated on A.

1.2.4 Examples. Let Q be any set, and let .% consist of all subsets of
Q. Define u(A) as the number of points of A. Thus if A has n members,
n=0,1,2,..., then u(A) = n; if A is an infinite set, @(A) = cc. The set
function u is a measure on .%, called counting measure on .

A closely related measure is defined as follows, Let Q = {x;, x2,...} be
a finite or countably infinite set, and let pi, ps, ...be nonnegative numbers.
Take .%# as all subsets of 2, and define

w@A=y p:.
X €A

Thus if A = {x;,, xi,, . . .}, then w(A) = pi, + pi, + - --. The set function p is
a measure on .% and u{x;} = p;,i =1,2,.... A probability measure will be
obtained iff >, p; = 1; if all p; = 1, then u is counting measure.

Now if A is a subset of R, we try to arrive at a definition of the length of A.
If A is an interval (open, closed, or semiclosed) with endpoints a and b, it is
reasonable to take the length of A to be ;(A) = b — a. If A is a complicated set,
we may not have any intuition about its length, but we shall see in Section 1.4
that the requirements that p(a, b] = b —a for all a, b € R, a < b, and that p
be a measure, determine w on a large class of sets.

Specifically, y is determined on the collection of Borel sets of R, denoted
by #Z(R) and defined as the smallest o-field of subsets of R containing all
intervals (a, b], a, b € R.

Note that #(R) is guaranteed to exist; it may be described (admittedly in a
rather ethereal way) as the intersection of all o-fields containing the intervals
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(a, b]. Also, if a o-field contains, say, all open intervals, it must contain all
intervals (a, b], and conversely. For

o

~ 1 1
(@ bl= (a,b—}-;) and (@ b)={]J (a,b—;].

n=1 n=1

Thus .#(R) is the smallest o-field containing all open intervals. Similarly we
may replace the intervals (a, b] by other classes of intervals, for instance,

all closed intervals,

all intervals [a, b),a,b € R,
all intervals (a, o0),a € R,
all intervals [a, 00),a € R,
all intervals (—oo, b), b € R,
all intervals (—oo, b], b € R.

Since a o-field that contains all intervals of a given type contains all inter-
vals of any other type, % (R) may be described as the smallest o-field that
contains the class of all intervals of R. Similarly, A (R) is the smallest o-field
containing all open sets of R. (To see this, recall that an open set is a count-
able union of open intervals.) Since a set is open iff its complement is closed,
A (R) is the smallest o-field containing all closed sets of R. Finally, if .%; is
the field of finite disjoint unions of right-semiclosed intervals (see 1.2.2), then
A(R) is the smallest o-field containing the sets of .%#,.

Intuitively, we may think of generating the Borel sets by starting with the
intervals and forming complements and countable unions and intersections in
all possible ways. This idea is made precise in Problem 11.

The class of Borel sets of R, denoted by .%#(R), is defined as the smallest
o-field of subsets of R containing all intervals (a, b],a,b € R. The above
discussion concerning the replacement of the right-semiclosed intervals by
other classes of sets applies equally well to R.

If E e #(R), B(E) will denote {B € #(R): B C E}; this coincides with
{ANE: Ae B(R)} (see 1.2.2).

We now begin to develop some properties of set functions.

1.2.5 Theorem. Let y be a finitely additive set function on the field .%.

(@) wp@=0.
b) u(AUBY+ u(ANB)= u(A)+ u(B) for all A, B € .%.
(c) IfA, Be ¥ and BC A, then u(A) = u(B) + u(4 — B)

(hefice w(A — B) = w(A) — w(B) if w(B) is finite, and w(B) < w(A) if
u(A — B) > 0).



8 1 FUNDAMENTALS OF MEASURE AND INTEGRATION THEORY

(d) If p is nonnegative,

1" (UAi) <> wu@) forall Ay ..., A, e
i=1 i=1
If u is a measure,
o0 o0
| UAn | =D n@n)
n=1 n=1
for all A;, Az, ... €. such that | 22 A, € .7.
Proor. (a) Pick A €. such that y(A) is finite; then
u(A) = u(AU @) = u(A) + u@).
(b) By finite additivity,
u(A) = u(AN B)+ u(A — B),
w(B) = u(A N B) + u(B — A).

Add the above equations to obtain

W(A) + u(B) = (AN B)+ [(A — B) + u(B—A) + n(A N B)]
= WA N B) + u(A UB).

(c) We may write A = BU (A — B), hence u(A) = u(B) + u(A — B).
(d) We have

n
UA,~ =A; UASNA)UAS NASNAU---U@ASN---NAS_ NA,)

i=1
[see Section 1.1, formula (2)]. The sets on the right are disjoint and
WASN---NAS_ NA) < uA) by (©).

The case in which u is a measure is handled using identity (3) of Sec-
tion 1.1. [J

1.2.6 Definitions. A set function y defined on % is said to be finite iff
1 (A) is finite, that is, not +o0, for each A € .#. If u is finitely additive, it is



1.2 FIELDS, o-FIELDS, AND MEASURES 9

sufficient to require that (2) be finite; for Q = A U A¢, and if u(A) is, say,
400, s0 is u().

A nonnegative, finitely additive set function & on the field .# is said to be
o-finite on % iff Q can be written as |J -, A, where the A, belong to .# and
w(An) < oo for all n. [By formula (3) of Section 1.1, the A,, may be assumed
disjoint.] We shall see that many properties of finite measures can be extended
quickly to o-finite measures.

It follows from 1.2.5(c) that a nonnegative, finitely additive set function w
on a field .# is finite iff it is bounded; that is, sup{|u(A)|: A € .#} < oo. This
no longer holds if the nonnegativity assumption is dropped (see Problem 4).
It is true, however, that a countably additive set function on a o-field is finite
iff it is bounded; this will be proved in 2.1.3.

Countably additive set functions have a basic continuity property, which we
now describe.

1.2.7 Theorem. Let i be a countably additive set function on the o-field .#.

(@) IfA;,A;, ...€e Fand A, © A, then u(A,) > u(A) asn — oo.

(b) If A1, Az, ...€ %, A, | A, and u(A;) is finite [hence w(A,) is fi-
nite for all n since w(A;) = w(A,) + w(A; —A,)], then u(A,) > n(A) as
n— o0o.

The same results hold if .%# is only assumed to be a field, if we add the
hypothesis that the limit sets A belong to .%#. [If A ¢ .% and u > 0, 1.2.5(c)
implies that 1 (4, ) increases to a limit in part (a), and decreases to a limit in
part (b), but we cannot identify the limit with @(A).]

Proor. (a) If w(A,) = oo for some n, then w(A) = u(A,) + uA —A,)
=00 + (A — A,) = co. Replacing A by A, we find that u(A;) = oo for all
k > n, and we are finished. In the same way we eliminate the case in which
#(A,) = —oo for some n. Thus we may assume that all 1(4,) are finite,

Since the A, form an increasing sequence, we may use identity (5) of
Section 1.1:

A=A UMA; —ADU---U@A,—A,_DU.--.
Therefore, by 1.2.5(c),

u(A)

If

(A + 1(A2) — @A) + -+ 1@An) — pAp-1) + -
= lim p(A,).

?b) If A, | A, then A; —A, 1 A; — A, hence u(A; —A,) = pu(d; —A)

by (a). The result now follows from 1.2.5(c). O
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We shall frequently encounter situations in which finite additivity of a partic-
ular set function is easily established, but countable additivity is more difficult.
It is useful to have the result that finite additivity plus continuity implies
countable additivity.

1.2.8 Theorem. Let y be a finitely additive set function on the field .%.

(a) Assume that u is continuous from below at each A € %, that is, if
ALAy .. e F, A= A, € F,and A, 1 A, then u(A,) > w(A). It fol-
lows that i is countably additive on .%.

(b) Assume that y is continuous from above at the empty set, that is, if
AL Ay, ...,e F and A, | @, then w(A,) — 0. It follows that u is countably

additive on .%.

Proor. (a) Let A|,As,...be disjoint sets in .% whose union A belongs to
F. If B, =|J/_, A; then B, 1 A, hence u(B,) — u(A) by hypothesis. But
w(B,) = 31 n(A;) by finite additivity, hence p(A) = lim,_ 00 > 1y 1(A}),
the desired result.

(b) LetAy, A,,...be disjoint sets in .% whose union A belongs to .%#, and
let B, = Ji_, Ai. By 1.2.5(c), n(A) = u(B,) + n(A—B,); but A— B, | 0,
so by hypothesis, ;t(A — B,) — 0. Thus u(B,) — u(A), and the result follows
as in (a). [J

If w1 and p, are measures on the o-field %, then i = w; — w2 is countably
additive on .%, assuming either y, or y; is finite-valued. We shall see later (in
2.1.3) that any countably additive set function on a o-field can be expressed
as the difference of two measures.

For examples of finitely additive set functions that are not countably addi-
tive, see Problems 1, 3, and 4.

Problems

1.  Let Q be a countably infinite set, and let .%# consist of all subsets of Q.
Define (A) =0 if A is finite, £ (A) = oo if A is infinite.
(a) Show that y is finitely additive but not countably additive.
(b) Show that Q is the limit of an increasing sequence of sets A, with
w(A,) =0 for all n, but 1 (Q) = oco.
2. Let u be counting measure on 2, where Q is an infinite set. Show that
there is a sequence of sets A, | @ with lim,, ,, #(4,) #0.

3. Let Q be a countably infinite set, and let .% be the field consisting of all
finite subsets of © and their complements. If A is finite, set ©(4) =0,
and if A° is finite, set u(4) = 1.

(a) Show that y is finitely additive but not countably additive on .%.
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(b) Show that Q is the limit of an increasing sequence of sets A, € .%
with ©(A,) = 0 for all n, but u(2) = 1.
4. Let .# be the field of finite disjoint unions of right-semiclosed intervals
of R, and define the set function u on .# as follows.

u(—oco, al = a, a€e R,
u(a,bl=>b—a, a,beR, a<b,
u(b, 00) = —b, beR,
w(R) =0,
n n
w UL =3 n
i=1 i=1
if Iy, ..., I, are disjoint right-semiclosed intervals.

(a) Show that y is finitely additive but not countably additive on .%.
(b) Show that y is finite but unbounded on %,

5. Let u be a nonnegative, finitely additive set function on the field .#. If
Ay, Ay, ... are disjoint sets in .# and | S, A, € .7, show that

w (U An| 2D @A)
n=1 n=1

6. Let f: Q— ), and let # be a class of subsets of Q’. Show that
o(f H(B)) = [ (a(F)),

where f~1(&) = {f~1(A): A € Z}. (Use the good sets principle.)

7. If A is a Borel subset of R, show that the smallest o-field of subsets of
A containing the sets open in A (in the relative topology inherited from
R) is {B € Z(R): B C A}.

8.  LetAy,...,A, be arbitrary subsets of a set Q. Describe (explicitly) the
smallest o-field .# containing A, ..., A,. How many sets are there in
%#7? (Give an upper bound that is attainable under certain conditions.)
List all the sets in % when n = 2.

9. (a) Let & be an arbitrary class of subsets of 2, and let & be the col-

lection of all finite unions |J;_; A;, n = 1,2, ..., where each 4, is a

ﬁ\Qite intersection ﬂ;zl B;;, with B;; or its complement a set in #.

Show that ¥ is the minimal field (not o-field) over Z.

(b) Show that the minimal field can also be described as the collection
Z of all finite disjoint unions | J!_, A;, where the A; are as above.
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(c) Ifs7, ..., %, are fields of subsets of €2, show that the smallest field
including %71, ...,.%, consists of all finite (disjoint) unions of sets
AlN---NA, withA, € %,i=1,...,n.

10. Let u be a finite measure on the o-field %. If A, € #,n =1,2,...and
A =lim, A, (see Section 1.1), show that (A) = lim,_, . (A,).

11.* Let & be any class of subsets of Q, with @, Q € #°. Define %y = %,
and for any ordinal « > 0 write, inductively,
7
o= Utz B<a)
where &’ denotes the class of all countable unions of differences of sets
in .
Let ¥ = |U{%,: @ < B}, where B, is the first uncountable ordinal,

and let % be the minimal o-field over #". Since each %, C .%, we have
Z C F. Also, the %, increase with o, and % C %, for all c.

(a) Show that % is a o-field (hence . = % by minimality of .%").

(b) If the cardinality of # is at most ¢, the cardinality of the reals,
show that card % < ¢ also.

12. Show that if y is a finite measure, there cannot be uncountably many
disjoint sets A such that @ (4) > 0.

1.3 ExTENsION OF MEASURES

In 1.2.4, we discussed the concept of length of a subset of R. The problem
was to extend the set function given on intervals by u(a, b] = b — a to a larger
class of sets. If .%; is the field of finite disjoint unions of right-semiclosed
intervals, there is no problem extending u to .%: if A}, ..., A, are disjoint
right-semiclosed intervals, we set u(UJj_, A;) = >I_; w(A;). The resulting set
function on .% is finitely additive, but countable additivity is not clear at this
point. Even if we can prove countable additivity on .%,, we still have the
problem of extending w to the minimal o-field over .%;, namely, the Borel sets.

We are going to consider a generalization of the above problem. Instead of
working only with length, we shall examine set functions given by w(a, b]
= F(b) — F(a) where F is an increasing right-continuous function from R
to R. The extension technique to be developed is not restricted to set func-
tions defined on subsets of R; we shall prove a general result concerning the
extension of a measure from a field .%; to the minimal o-field over .#,.

It will be convenient to consider finite measures at first, and nothing is lost
if we normalize and work with probability measures.

1.3.1 Lemma. Let %y be a field of subsets of a set Q, and let P be a
probability measure on .%,. Suppose that the sets A, A,, ...belong to % and
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increase to a limit A, and that the sets A,’, A;’, ... belong to .% and increase
to A’. (A and A’ need not belong to .#,.) If A C A’, then

lim P(4,) < lim P(A,).
m— 00 n—>00
Thus if A, and A, both increase to the same limit A, then

lim P(4,) = lim P(4,).
n—>00 n—oo
Proor. If mis fixed, A, NA,’ 2 A, NA"=A, as n — 00, hence
P(AnNA,") = P(An)
by 1.2.7(a). But P(A,, NA,’) < P(A,) by 1.2.5(c), hence
PA,) = lim P4, NA,) < lim PA,’).
n—>oo n—oo
Let m — oo to finish the proof. O

We are now ready for the first extension of P to a larger class of sets.

1.3.2 Lemma. Let P be a probability measure on the field .%. Let & be the
collection of all limits of increasing sequences of sets in %, that is, A € &
iff there are sets A, € %y, n = 1,2,..., such that A, + A. (Note that & can
also be described as the collection of all countable unions of sets in .%g; see
1.2.1)

Define ;¢ on & as follows. If A, € %, n =1,2,...,A, 1 A (€ ¥), set
w(A) = lim,,_, o P(A,); u is well defined by 1.3.1, and u = P on .%,. Then:

(@ Pe¥ and (@) =0, Qe ¥ and u(2)=1; 0 < u(A) <1 for all
Ae Z.

(b) If G4, G, € ¥, then Gy UGz, G, NG, € ¥ and

w(G U Gr) + u(Gy N Gy) = w(Gy) + w(Gr).

(©) If G, G, € ¥ and G| C G, then u(G,) < u(Ga).
d IfG,e¥,n=12,...,and G, % G,
then G € ¥ and u(G,) —> u(G).

Proor. (a) This is clear since i = P on.%; and P is a probability measure.

(b) LetA,; € %, Aui 1 Gy Apy € #o, Az 1 Ga. We have P(A,1 UA,;»)
+ P(A, NAn)=P(A,)+ P(A,2) by 1.2.5(b); let n > oo to complete the
argument.

(c) This follows from 1.3.1.
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(d) Since G is a countable union of sets in %y, G € ¥. Now for each
n we can find sets A, € %5, m=1,2,..., with A,,, + G, as m — oo. The
situation may be represented schematically as follows:

Ay Ap o A o0 PG
Ay Ay o Ay o T On
Anl An2 e Anm e T Gn

Let D)y =A1m UApy U+ UApy, (the D,, form an increasing sequence).
The key step in the proof is the observation that

Auym C D, C Gy, for n<m 1)
and, therefore,
PA,m) < P(Dy) < /vL(Gm) for n=<m. 2)

Let m — oo in (1) to obtain G, C |J;,_, D C G; then let n — o0 to conclude
that D,, 1 G, hence P(D,) — u(G) by definition of . Now let m — oo in
(2) to obtain u(G,) < lim,_, . P(D,) <lim,_, . u(Gy); then let n — oo to
conclude that lim,_, oo #(G,) = lim,,_, oo P(Dry) = n(G). O

We now extend u to the class of all subsets of Q; however, the extension
will not be countably additive on all subsets, but only on a smaller o-field.
The construction depends on properties (a)—(d) of 1.3.2, and not on the fact
that ¢ was derived from a probability measure on a field. We express this
explicitly as follows:

1.3.3 Lemma. Let & be a class of subsets of a set Q, u a nonnegative
real-valued set function on ¥ such that & and u satisfy the four conditions
(a)—(d) of 1.3.2. Define, for each A C &,

w@A)=inf{u(G): Ge ¥, G DA}

Then:

(@ pu*=ponZ,0<u*d)y<lforalAdcCQ.
(b) u*AUB)+ u*(ANB) < u*(A)+ p*(B); in particular, u*(A)
+ wrA) = Q)+ @) = w(Q) + n(@) =1 by 1.3.2(a).
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(c) IfA C B, then u*(A) < u*(B).
(d) IfA, 1A, then u*(4,) = u*(A).

Proor. (a) This is clear from the definition of ©«* and from 1.3.2(c).
(b) If ¢ >0, choose Gy, G, € ¥, G; DA, G2 DB, such that u(G,)
< u*A)+¢/2, u(G2) < u*(B) + ¢/2. By 1.3.2(b),

u @A)+ 1 (B) + & = u(G1) + n(G2) = u(G1 U G2) + n(G1 N Ga)
> u*(AUB)+ u*(ANB).
Since ¢ is arbitrary, the result follows.
(c) This follows from the definition of p*.
(d) By (c), u*(A) = lim, o, w*(4,). If € > 0, for each n we may choose
G,e ¥,G, DA,, such that
w(G,) < /vL* Ap)+e27".

Now A =J2 A, U2, G, € &, hence

wr(A) < p* (U Gn) by (c)
n=1

n=1

= lim u (U Gk) by 1.3.2(d).

k=1

s

The proof will be accomplished if we prove that
I/«(UGi) Su*(An)+EZ2‘i, n=12,....
i=1 i=1

This is true for n = 1, by choice of G;. If it holds for a given n, we apply
1.3.2(b) to the sets |J;_, G; and G, to obtain

n+1 n
I/«(U Gi) =I/«( Gi) +I/«(Gn+1)—ll«[( Gi) ﬂGn+1:|~
i=1 i=1 i=1

C-=
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Now (UL, Gi) NGuy1 D Gy NGuyt DA, NAuyy =A,, so that the induc-
tion hypothesis yields

n+1 n
z (U Gi| Sw*@A)+ed 2+ ut @) + 62" — pr(4,)
i=1

i=1

n+1
<uAnn+ey 27 O

i=1

Our aim in this section is to prove that a o-finite measure on a field .%; has a
unique extension to the minimal o-field over.%y. In fact an arbitrary measure w
on .%; can be extended to o(%y), but the extension is not necessarily unique.
In proving this more general result (see Problem 3), the following concept
plays a key role.

1.3.4 Definition. An outer measure on €2 is a nonnegative, extended real-
valued set function X on the class of all subsets of Q, satisfying

(a) A2@)=0,
(b) A C B implies L(A) < A(B) (monotonicity), and
©) »(UZA,) <302 MA,) (countable subadditivity).

The set function p* of 1.3.3 is an outer measure on 2. Parts 1.3.4(a) and (b)
follow from 1.3.3(a), 1.3.2(a), and 1.3.3(c), and 1.3.4(c) is proved as follows:

o0 n
w* (U A,,) = lim p* (UA,-) by 1.3.3(d).
n=1 i=1
< lim » u*A) by 1.33(b),
i=1

as desired.
We now identify a o-field on which @* is countably additive:

1.3.5 Theorem. Under the hypothesis of 1.3.2, with p* defined as in 1.3.3,
let # ={H C Q: u*(H)+ u*H) =1}

[# ={H c Q pu*(H)+ u*(H) <1 by 1.3.3(b).]

Then % is a o-field and w* is a probability measure on #.

Proor. First note that & C .# For if A, € % and A, 1 G € ¥, then
G° CA;, so P(A,)+u*(G°) < P(A,)+P(47)=1. By 13.3(d), u*(G)
+u*(G) <1
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Clearly # is closed under complementation, and Q € # by 1.3.3(a) and
1.3.2(a). If H, H; C £, then by 1.3.3(b),

W (HyUH2) 4+ u*(H NHy) < w*(H )+ u*(Hy) 1)
and since
(HiUH,)Y = H{ N HS, (HiNHy) =H{UHS,
we have
W HyUHY +pu*(Hy NH) < w*(HY) + u*H3). (2)

If Hy, H, € #, add (1) and (2); the sum of the left sides is at least
2 by 1.3.3(b), and the sum of the right sides is 2. Thus the sum of the left
sides is 2 as well. If a = u*(H, UH)+ u*(Hy UH)’, b=u*(H, NHy)
+u*(HyNHy)),thena+b=2hencea<lorb<1.Ifa<1,thena=1,
so b=1 also. Consequently Hy UH, € # and H|, NH; € #. We have
therefore shown that # is a field. Now equality holds in (1), for if not,
the sum of the left sides of (1) and (2) would be less than the sum of the right
sides, a contradiction. Thus p* is finitely additive on #.

To show that # is a o-field, let H, € #Z n=1,2,...,H, + H; u*(H)
+ w*(H¢) = 1 by 1.3.3(b). But u*(H) = lim,_, o p#*(H,) by 1.3.3(d), hence
for any ¢ > 0, u*(H) < w*(H,) + ¢ for large n. Since p*(H¢) < pu*(H;) for
all n by 1.3.3(c), and H, € #, we have u*(H) 4+ u*(H°) < 1+ ¢. Since ¢ is
arbitrary, H € #, making # a o-field.

Since u*(H,) —> w*(H), u* is countably additive by 1.2.8(a). OJ

We now have our first extension theorem.

1.3.6 Theorem. A finite measure on a field .%; can be extended to a measure
on o(%p).

Proor. Nothing is lost by considering a probability measure. (Replace p by
w/u(L2) if necessary.) The result then follows from 1.3.1-1.3.5 if we observe
that . %y C & C H#, hence o(%y) C H#. Thus u* restricted to o(%p) is the
desired extension. []

In fact there is very little difference between o(%#,) and #; if B € %,
then B can be expressed as A UN, where A € 0(%;) and N is a subset of a
set M € o(%y) with u*(M) = 0. To establish this, we introduce the idea of
completion of a measure space.

1.3.7 Definitions. A measure y on a o-field . is said to be complete iff
whenever A € .# and (A) = 0 we have B € . for all B C A.
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In 1.3.5, u* on % is complete, for if B C A € #, u*(A) = 0, then u*(B) +
W (B) < u*(A) + u*(B)=p*(B°) < 1; thus B e %

The completion of a measure space (Q,.#, ) is defined as follows. Let
%, be the class of sets A UN, where A ranges over .# and N over all subsets
of sets of measure 0 in .%,

Now .#,, is a o-field including .%, for it is clearly closed under countable
union, and if AUN € ¥, NC M e %, u(M) =0, then (A UN)° =A°NN°
=ANMYUA NN —M))andA“N(N ' —M)=A°N(M —-—N)YCM,
so AUNY € #,.

We extend u to %, by setting (A UN) = p(A). This is a valid definition,
forif AjUN| = A; UN; € %, we have

m(Ay) = A NA2) + n(Ar — Az) = (A NAz)

since A| — A, C Nj. Thus u(A;) < u(Az), and by symmetry, w(A;) = u(Az).
The measure space (2,.%,, i) is called the completion of (2, 7, u), and %,
the completion of .# relative to w.

Note that the completion is in fact complete, for if M C A UN € %, where
Ae#, u(A)=0, NCBe#, u(B)=0, then M CAUB€.%, u(AUB)
= 0; hence M € #,.

1.3.8 Theorem. In 1.3.6, (2, #, u*) is the completion of (Q, o(#p), u*).

Proor. We must show that # = .%,» where # = o(%#p). If A € #, by defi-
nition of u*(A) and w*(A°) we can find sets G,, G, € o(H#),
n=12,..,with G, CA CG, and u*(G,) - u*A), u*(G,’) = u*A).
Let G=2,G,, G =N2,G,. Then A=GU@A —G), G € a(F),
A—GcC G -G eo(H), u"(G'—G) = u* (G, —G,)— 0, so that u*(G'
—G)=0. Thus A € %,..

Conversely if B € #,+.,thenB=AUN,Aec %, N CM e ¥, u*(M)=0.
Since .# C % w¢ have A € #, and since (2, ., u*) is complete we have
Ne Z Thus 8¢ ¥ O

To prove the uniqueness of the extension from .%#, to .#, we need the
following basic result.

1.3.9 Monotone Class Theorem. Let %, be a field of subsets of Q, and &
a class of subsets of Q that is monotone (if A, € # and A, £ A or A, | A,
then A € ¥). If & D %, then & D o(%#p), the minimal o-field over .%.

Proor. The technique of the proof might be called “boot strapping.” Let
F = 0(%y) and let .#& be the smallest monotone class containing all sets of
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#o. We show that .#Z — %, in other words, the smallest monotone class and
the smallest o-field over a field coincide. The proof is completed by observing
that 2% C #.

Fix Ae # and let .«¥,={Be #4: ANB,ANB° and ANB e . };
then .# 4 is a monotone class. In fact .Z4 4 = .4, for if A € %, then %y C
A 4 since % is a field, hence .# C _# 4 by minimality of % ; consequent-
ly # 4 = .7. But this shows that for any B € .# we have AN B, AN B,
A° N B € .Z for any A € %y, so that # g D .%p. Again by minimality of .7,
Mg = M.

Now .7 is a field (for if A, Be .# = .#4, then ANB, ANB, ANB
€ /) and a monotone class that is also a field is a o-field (see 1.2.1), hence
A is a o-field. Thus % C .# by minimality of %, and in fact . % = .s%
because .% is a monotone class including %, [J

We now prove the fundamental extension theorem.

1.3.10 Carathéodory Extension Theorem. Let u be a measure on the field
Fo of subsets of Q, and assume that i is o-finite on %, so that Q can be
decomposed as | J5- | A,, where A, € % and u(A,) < oo for all n. Then pu
has a unique extension to a measure on the minimal o-field .# over .%.

Proor. Since % is a field, the A, may be taken as disjoint [replace A,
by A{N---NA;_ | NA,, as in formula (3) of 1.1]. Let ©,(A) = u(ANA,),
A € .%; then u, is a finite measure on .%y, hence by 1.3.6 it has an extension
Ui to F.As u =3, Uy, the set function pu* =", u’ is an extension of y,
and it is a measure on .%# since the order of summation of any double series
of nonnegative terms can be reversed.

Now suppose that ) is a measure on .% and A = u on .%;. Define A,(A)
=XANA,), A €.#. Then A, is a finite measure on .% and X, = u, = u
on %y, and it follows that A, = u* on #. For &= {A € % 1,(A) = u}(A)}
is a monotone class (by 1.2.7) that contains all sets of .%y, hence # = .# by
1.3.9. But then . =", A, = >, u} = u*, proving uniqueness. [

The intuitive idea of constructing a minimal o-field by forming complements
and countable unions and intersections in all possible ways suggests that if
Fo is a field and . % = o(H#p), sets in .# can be approximated in some sense
by sets in .%,. The following result formalizes this notion.

1.3.11 Approximation Theorem. Let (2, %, 1) be a measure space, and let
Fo be a field of subsets of Q such that o(%#,) =.%. Assume that y is o-finite
on %, and let ¢ > 0 be given. If A € . % and u(A) < o0, there is a set B € %
such that u(A AB) < ¢.
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Proor. Let & be the class of all countable unions of sets of .%,. The con-
clusion of 1.3.11 holds for any A € ¥, by 1.2.7(a). By 1.3.3, if u is finite and
A € %, A can be approximated arbitrarily closely (in the sense of 1.3.11) by
a set in %, and therefore 1.3.11 is proved for finite . In general, let Q be the
disjoint union of sets A, € .%; with u(A,) < oo, and let u,,(C) = u(C NA,),
Ce#.

Then y, is a finite measure on .%, hence if A € 7, there is a set B, € %,
such that ¢,(A A B,) < 27", Since

tn(AAB,) = pn((AAB,)NA,)
= pulAA B, NA))NAL] = pa(A A (B, NAY)),

and B, N A, €.%), we may assume that B, C A,. (The observation that B, N
A, € %y is the point where we use the hypothesis that u is o-finite on .7,
not merely on #.) If C = J;° | B,, then C NA, = B,, so that

unAAC)=pn(AAC)NA,) = pn((AAB,)NA,) = pua(AAB,),

hence

00 N
WAAC)=) u,(AAC) < e But UBk—ATC—A as N = o0,
n=1 k=1

and A — U,’(V:1 B, |A-C. If Ae.# and u(A) < oo, it follows from 1.2.7
that (A A Uszl By) > u(AAC)as N — 00, hence is less than ¢ for large
enough N. Set B = U,’(V=1 B, € % U

1.3.12 Example. Let Q be the rationals, .%; the field of finite disjoint unions
of right-semiclosed intervals (a,b] = {w € Q: a < w < b}, a,b rational
[counting (a, 00) and K itself as right-semiclosed; see 1.2.2]. Let # = o(%#).
Then:

(a) % consists of all subsets of Q.

(b) If u(A) is the number of points in A (¢ is counting measure), then
is o-finite on . but not on .%#,.

(c) There are sets A € % of finite measure that cannot be approximated
by sets in ./, that is, there is no sequence A, € .% with u(A AA,) — 0.

(d) If . =2u, then A = i on %, but not on .%.

Thus both the approximation theorem and the Carathéodory extension theorem
fail in this case.
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Proor. (a) We have {x} = ﬂ;,“;] (x — (1/n), x], and therefore all singletons
are in .%. But then all sets are in .% since 2 is countable.

(b) Since Q is a countable union of singletons, y is o-finite on .%. But
every nonempty set in .%; has infinite measure, so u is not o-finite on .%.

(c) If A is any finite nonempty subset of €2, then u(A A B) = oo for all
nonempty B € %, because any nonempty set in .%; must contain infinitely
many points not in A.

(d) Since A{x}=2 and uf{x}=1,2#puon.¥. But AA)=pu()
=00,A € %y (except for A = @). O

Problems

1. Let (,.%, 1) be a measure space, and let %, be the completion of 7#
relative to . If A C Q, define:

Ho(A) = sup{u(B): Be #,B C A}, u,o(A) = inf{u(B): B € #, B D A}.

If A€.%,, show that uo(A) = u®(A) = u(A). Conversely, if uo(A)
= u%(A) < oo, show that A € .7,.
2. Show that the monotone class theorem (1.3.9) fails if .%; is not assumed
to be a field.
3. This problem deals with the extension of an arbitrary (not necessarily
o-finite) measure on a field.

(a) Let A be an outer measure on the set Q (see 1.3.4). We say that the
set E is A-measurable iff

MA)=AANE)+AANES) for all ACQ.

(The equals sign may be replaced by “>" by subadditivity of A.) If
¥ is the class of all A-measurable sets, show that ¥ is a o-field,
and that if E, E,, ...are disjoint sets in .# whose union is E, and
A C Q, we have

,\(AmE):Z,\(AmE,,). 1)

In particular, X is a measure o% .#%. [Use the definition of A-mea-
surability to show that .+¥ is % field and that (1) holds for finite
sequences. If E, E,, ... are disjoint sets in .# and F, = |J;_, E;
E, show that

\,\(A) >MANF)+AANE) =) MANE)+MANE),

i=1

and then let n — 00.]



22 1 FUNDAMENTALS OF MEASURE AND INTEGRATION THEORY

(b) Let u be a measure on a field .%; of subsets of Q. If A C Q, define
/J'*(A) = lnf{z /vL(En): AC UE"’ E, € -%} .

Show that * is an outer measure on Q and that u* = u on .%y.

(c) Im(b),if Z# is the class of y*-measurable sets, show that %, C 4.
Thus by (a) and (b), 1 may be extended to the minimal o-field over
Fo.

(d) In(b),if w is o-finite on.%, show that (2, .Z, u*) is the completion
of [2, o(F#), u*].

1.4 LeBrscUE~STIELTIES MEASURES AND DiSTRIBUTION FUNCTIONS

We are now in a position to construct a large class of measures on the Borel
sets of R. If F is an increasing, right-continuous function from R to R, we set
u(a, b] = F(b) — F(a); we then extend p to a finitely additive set function
on the field .%y(R) of finite disjoint unions of right-semiclosed intervals. If we
can show that y is countably additive on .%3(R), the Carathéodory extension
theorem extends p to B(R).

1.4.1 Definitions. A Lebesgue—Stielties measure on R is a measure i on
F(R) such that u(I) < oo for each bounded interval 1. A distribution function
on R is a map F: R — R that is increasing [a < b implies F(a) < F(b)]
and right-continuous [limx_,xg F(x) = F(xp)l. We are going to show that the
formula w(a, b] = F(b) — F(a) sets up a one-to-one correspondence between
Lebesgue—Stieltjes measures and distribution functions, where two distribution
functions that differ by a constant are identified.

1.4.2 Theorem. Let u be a Lebesgue—-Stielties measure on R. Let
F:R — R be defined, up to an additive constant, by F(b) — F(a) = u(a, bl.
[For example, fix F(0) arbitrarily and set F(x)— F(0) = u(0, x], x > 0;
F(0)— F(x) = u(x,0],x < 0.] Then F is a distribution function.

Proor. If a < b, then F(b) — F(a) = u(a, b] > 0. If {x,} is a sequence of
points such that x; > x3 > -+ — x, then F(x,) — F(x) = u(x, x,] = 0 by
1.2.7(b). O

Now let F be a distribution function on R. It will be convenient to
work in the compact space R, so we extend F to a map of R into
R by defining F(00) = lim, .o F(x), F(—00) = lim,_,_o, F(x); the limits
exist by monotonicity. Define w(a, b] = F(b) — F(a),a,b € R,a < b, and
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let u[—o0, b] = F(b) — F(—00) = u(—o0, b]; then y is defined on all right-
semiclosed intervals of R (counting [—o0, b] as right-semiclosed; see 1.2.2).

If I,,...,I; are disjoint right-semiclosed intervals of R, we define
u(Ul;zll i) = Zl;:x w(;). Thus p is extended to the field Fo(R) of finite
disjoint unions of right-semiclosed intervals of R, and w is finitely additive
on .%y(R). To show that y is in fact countably additive on .%;(R), we make
use of 1.2.8(b), as follows.

143 Lemma. The set function u is countably additive on .%(R).

Proor. First assume that F(oo) — F(—00) < 00, so that w is finite. Let
A1, A3, ... be a sequence of sets in .%(R) decreasing to @. If (a, b] is one
of the intervals of A,, then by right continuity of F, u(a’, bl = F(b) — F(a')
— F(b) — F(a) = u(a, b] as @’ — a from above.

Thus we can find sets B, € % (R) whose closures B, (in R) are included
in A,, with p(B,) approximating (A, ). If ¢ > 0 is given, the finiteness of 1
allows us to choose the B, so that jt(A,) — u(B,) < €27". Now 22, B, =4,
and it follows that (;_, By = @ for sufficiently large n. (Perhaps the easiest
way to see this is to note that the sets R — B, form an open covering of the
compact set R, hence there is a finite subcovering, so that {J;_,(R — B;) = R
for some n. Therefore ;_, By = @.) Now

pA)=p|A— (B | +u (ﬂBk)

k=1

=K An - an
k=1
n
=u U(Ak —By) since A, CAy_; C -+ C A
k=1

<3S u@A—By by 1250
k=1

< &.

Thus u(4,) — 0.

Nowif K (c0) — F(—00) = 0o, define F,, (x) = F(x), |x| < n; F,(x) = F(n),
x=n; F,(x) =F(—n), x < —n. If u, is the set function corresponding to
F,, then w, <p and u, - p on F(R). Let Ay, Az, ... be disjoint sets in
Fo(R) such that A={J;2 A, € %(R). Then p(4)> S m(Ay)
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(Problem 5, Section 1.2) soif >n | (A, ) = oo, we are finished. If Yoo | u(A,)
< 00, then

p@A)= lim p,(4)
o0
= lim > (Ar)
k=1
since the u, are finite. Now as Y o, u(Ax) < 0o, we may write

0<u@) = A
k=1

o0
= nll)rgo ;[IJ«" (Ar) — 1(Ap)]
<0 since Up <p. O

We now complete the construction of Lebesgue—Stieltjes measures.

1.4.4 Theorem. Let F be a distribution function on R, and let wu(a, b]
= F(b) — F(a),a < b. There is a unique extension of u to a Lebesgue —Stieltjes
measure on R.

Proor. Extend yu to a countably additive set function on %#(R) as above.
Let %#(R) be the field of all finite disjoint unions of right-semiclosed inter-
vals of R [counting (g, c0) as right-semiclosed; see 1.2.2], and extend y to
F5(R) as in the discussion that follows 1.4.2. [Take u(a, o) = F(o0) — F(a),
u(—o0, b] = F(b) — F(—o0), a,b € R; u(R) = F(co) — F(—0o0); note that
there is no other possible choice for u on these sets, by 1.2.7(a).] Now the map

(a,b] > (a,b]. if a,beR orif beR, a=-—o0,

(a,00] = (a,00) if aeR orif a= -

sets up a one-to-one, j-preserving correspondence between a subset of % (R)
(everything in .#(R) except sets including intervals of the form [—oo, b])
and F#y(R). It follows that o is countably additive on .%y(R). Furthermore,
W is o-finite on %, (R) since w(—n, n] < oo; note that w need not be o-
finite on .#p(R) since the sets (—n, n] do not cover R. By the Carathéodory
extension theorem, y has a unique extension to .#Z(R). The extension is
a Lebesgue—Stieltjes measure because u(a, b] = F(b) — F(a) < oo for a, b
eR,a<b O
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1.4.5 Comments and Examples. If F is a distribution function and p the cor-
responding Lebesgue—Stieltjes measure, we have seen that u(a, b]
= F(b) — F(a), a < b. The measure of any interval, right-semiclosed or not,
may be expressed in terms of F. For if F(x™) denotes lim,,,- F(y), then
(1) pfa,bl=F(b)—F(a), (3) wula,bl=F()—F(a),
(2) p@by=FO®b )—F(a, @4 ulab)=FOb )—Fa)

(Thus if F is continuous at @ and b, all four expressions are equal.) For
example, to prove (2), observe that

n—00

ula, b) = nlir{:ou(a, b— %} = lim [F(b — %) — F(a)} =F(@®7)—F(a).
Statement (3) follows because
ula, bl = lirgop,(a — %,b} = linoxo [F(b) — F( — %)} = F()— F(a);

(4) is proved similarly. The proof of (3) works even if a = b, so that
ui{x} = F(x) — F(x™). Thus

(5) F is continuous at x iff u{x} = 0; the magnitude of a discontinuity of
F at x coincides with the measure of {x}.

The following formulas are obtained from (1)—(3) by allowing a to approach
—oo or b to approach +00.

(6) wu(—00,x] = F(x)— F(—00), ) ulx,00) = F(oo) = F(x"),
(M) pu(=00,x)=Fx")—F(—o0), (10)  pu(R)= F(oo)— F(—00).
(8)  ulx, 00) = F(o0) — F(x),

(The formulas (6), (8), and (10) have already been observed in the proof of
14.4.)

If w is finite, then F is bounded; since F may always be adjusted by an
additive constant, nothing is lost in this case if we set F(—o0) = 0.

We may now generate a large number of measures on .%(R). For example,
if /1 R—> R, f>0, and f is integrable (Riemann for now) on any finite
interval, then if we fix F(0) arbitrarily and define

\ F(x)—F(O):/O.xf(t)dt, x>0,

0
F0)— F(x)= / f)dt, x <0,
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then F is a (continuous) distribution function and thus gives rise to a
Lebesgue—Stieltjes measure; specifically,

b
w(a, bl = / FO)dx.

In particular, we may take f(x) =1 for all x, and F(x)= x; then wu(a, b]
= b — a. The set function y is called the Lebesgue measure on .%(R). The
completion of #(R) relative to Lebesgue measure is called the class of
Lebesgue measurable sets, written % (R). Thus a Lebesgue measurable set
is the union of a Borel set and a subset of a Borel set of Lebesgue measure
0. The extension of Lebesgue measure to % (R) is also called “Lebesgue
measure.”

Now let u be a Lebesgue—Stieltjes measure that is concentrated on a
countable set § = {xy, x2, ...}, that is, w(R — §) = 0. [In general if (2, .7, 1)
is a measure space and B €., we say that u is concentrated on B iff
u(2 — B) =0.] In the present case, such a measure is easily constructed:
If ay, ay, . . . are nonnegative numbers and A C R, set u(A) = > {a;: x; € A};
W is a measure on all subsets of R, not merely on the Borel sets (see 1.2.4). If
u(I) < oo for each bounded interval I, i will be a Lebesgue—Stieltjes mea-
sure on F(R); if >, a; < 0o, p will be a finite measure. The distribution
function F corresponding to y is continuous on R — S; if u{x,} =a, >0, F
has a jump at x,, of magnitude a,. If x, y € S and no point of S lies between
x and v, then F is constant on [x, y). For if x < b < y, then F(b) — F(x) =
ux, bl = 0.

Now if we take S to be the rational numbers, the above discussion yields a
monotone function F from R to R that is continuous at each irrational point
and discontinuous at each rational point.

If F is an increasing, right-continuous, real-valued function defined on a
closed bounded interval [a, b], there is a corresponding finite measure & on
the Borel subsets of [a, b];, explicitly, w is determined by the requirement
that p(a’, b1 = F(b')— F(a'), a <d’ < b < b. The easiest way to estab-
lish the correspondence is to extend F by defining F(x) = F(b), x > b, F(x)
= F(a), x < a, then take u as the Lebesgue—Stieltjes measure corresponding
to F, restricted to .#[a, b].

We are going to consider Lebesgue—Stieltjes measures and distribution
functions in Euclidean n-space. First, some terminology is required.

1.4.6 Definitions and Comments. If a=(a;,...,a,),b=(b,...,b,)
€ R*, the interval (a, b] is defined as {x = (x(,...,x,) € R": a; < x;
<b; for all i=1,...,n};(a,00) is defined as {x € R": x; > q; for all

i=1,...,n},(—oco,blas {x e R": x; <b; foralli=1,...,n}, other types
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of intervals are defined similarly. The smallest o-field containing all inter-
vals (a, b], a, b € R", is called the class of Borel sets of R", written % (R").
The Borel sets form the minimal o-field over many other classes of sets, for
example, the open sets, the intervals [a, b), and so on, exactly as in the dis-
cussion of the one-dimensional case in 1.2.4. The class of Borel sets of R",
written .Z(R"), is defined similarly.

A Lebesgue-Stieltjes measure on R" is a measure i on Z(R") such that
u() < oo for each bounded interval I.

The notion of a distribution function on R", n > 2, is more complicated than
in the one-dimensional case. To see why, assume for simplicity that n = 3,
and let u be a finite measure on .#(R>). Define

3. 3
Fx,xn,x)=pmplweR: 0 <x;, w <x, w3 =<x}, (x,x,x3)€R".

By analogy with the one-dimensional case, we expect that F is a distribution
function corresponding to w [see formula (6) of 1.4.5]. This will turn out
to be correct, but the correspondence is no longer by means of the formula
ula, bl = F(b) — F(a). To see this, we compute p(a, b] in terms of F.
Introduce the difference operator A as follows:
IfG: R" - R, AbiaiG(xl, ...y X, ) 18 defined as

Gy, X b Xy o X)) — Gy, - X, @ Xig gy ey X )
14.7 Lemma. If a < b, that is, a; < b;, i = 1, 2, 3, then
@ pu@dl=AN, N,oNpoF (%1, %2, x3), Where
(b) Ablal Ab2a2Ab3a3F(xl’x2’ x3)
= F(by, b2, b3) — F(ay, by, by) — F(by, a2, b3) — F(by, b2, a3)
+ F(ay, a2, b3) + F(ay, by, a3) + F(by, az, a3) — Flay, a2, a3)
Thus w(a, b] is not simply F(b) — F(a).

ProoF.
@ A, Foux,x) = Fxy, x, b)) — F(x1, %2, a3)

= pu{w: o) <x;, w <x, ;3 =<bs}

\ —plw: 0w <x;, W <x, ;3 <as)
= plw: o <x, @ <x, a <w;<bs}

since a3 < bs.
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Similarly,

Dy, Ny FELx2x03)=plor 0 <x1, @& <oy <b, a3 <3 <bs}
and

= : < <
Nva N vay N\ pa T2 03) = plor ar <oy < b, @ <o < by,

ay < ws < b3}.
® A, Fi,x,x3)=F@x,x, b)) — F(xy, x2, a3),
b3a3

N, I\ o, F &1 %2, 33) = Fr, b2, b3) = Fx1, a2, bs)
— F(xy, b2, a3) + F(x;, @2, a3).

Thus A by A bt A b3a3F (x1, x2, x3) is the desired expression. []
The extension of 1.4.7 to n dimensions is clear.

1.4.8 Theorem. Let i be a finite measure on % (R”) and define
F(x) = u(—o0,x] = pu{w: w; <x;,i=1,...,n}.

If a < b, then
(a) ula, bl = Abla[--- AbnanF(xl,...,x,,), where
® Ay ApoFOx) = FomFit Fo—o 4+ (C1)'Fy

F; is the sum of all (}) terms of the form F(cy, ..., c,) with ¢, = a; for
exactly i integersin {1, 2, ..., n}, and ¢; = b, for the remaining n — i integers.

Proor. Apply the computations of 1.4.7. I

We know that a distribution function of R determines a corresponding
Lebesgue—Stieltjes measure. This is true in » dimensions if we change the
definition of increasing.

Let F: R" — R, and, for a < b, let F(a, b] denote

Ab]al T AbnanF(xl’ o "xn)-

The function F is said to be increasing iff F(a, b] > 0 whenever a < b;
F is right-continuous iff it is right-continuous in all variables together,
in other words, for any sequence x! >x*>-..>x*¥>... 5> x we have
F(x*) > F(x).
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An increasing right-continuous F: R" — R is said to be a distribution
Junction on R". (Note that if F arises from a measure p as in 1.4.8, F is a
distribution function.)

If F is a distribution function on R”, we set w(a, b] = F(a, b] [this reduces
to F(b) — F(a) if n = 1]. We are going to show that i has a unique extension
to a Lebesgue—Stieltjes measure on R”. The technique of the proof is the
same in any dimension, but to avoid cumbersome notation and to capture
the essential ideas, we sometimes specialize to the case n = 2. We break the
argument into several steps:

(1) Ifa<d <V <b,I =(a,b] is the union of the nine disjoint inter-
vals Iy, ..., Iy formed by first constraining the first coordinate in one of the
following three ways:

ay <x<ay, a’ <x<b/, b/ <x <b,

and then constraining the second coordinate in one of the following three
ways:
a<y<a, @ <y<b, by <y <b,.

For example, a typical set in the union is
{(,y): b <x<b, a<yza})

in n dimensions we would obtain 3" such sets.
Result (1) may be verified by looking at Fig. 1.4.1.

2) In (1), F(I) = ?:1 F(I;), hence a < da <b’ < b implies F(d', V']
< F(a, b].

This is verified by brute force, using 1.4.8.

Now a right-semiclosed interval (a, b] in R" is, by convention, a set of
the form {(xy,...,x,): a; <x; <b;,i=1,...,n},a,be R", with the provi-
so that a; < x; < b; can be replaced by a; < x; < b; if a; = —oco. With this
assumption, the set Zo(R") of finite disjoint unions of right-semiclosed in-
tervals is a field. (The corresponding convention in R” is that a; < x; < b;
can be replaced by a; < x; < b; if b; = +00. Both conventions are dictated
by considerations similar to those of the one-dimensional case; see 1.2.2.)

(3) Ifaandb belong to R" but not to R”, we define F(a, b] as the limit
of F(a', b'] where a', b’ € R", a’ decreases to a, and b’ increases to b. [The
definition is sensible because of the monotonicity property in (2).] S1m11ar1y
if ae R, be R" —R", we take F(a, b]—hmbTbF(a bl if ae R' — R,
beR*, Fa,b] =lim, , F(d, b].

Thus we define w on right-semiclosed intervals of R”; i extends to a finitely
additive set function on .#%(K"), as in the discussion after 1.4.2. [There is a
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a,

a, a,’ b/ by

Figure 1.4.1.

slight problem here; a given interval I may be expressible as a finite disjoint
union of intervals I, ...,1I,, so that for the extension to be well defined we
must have F(l) = 25':1 F(l,); but this follows just as in (2).]

(4) The set function y is countably additive on 570(@" ).

First assume that p,(@n) is finite. If a € R”, F(a', b] — F(a, b] as a’ decreas-
es to a by the right-continuity of F and 1.4.8(b);ifa € R" — R", the same result
holds by (3). The argument then proceeds word for word as in 1.4.3.

Now assume u(@n) = 00. Then F, restricted to Cy = {x: —k < x; <k,
i=1,...,n}, induces a finite-valued set function t; on Fo(R") that is con-
centrated on Cy, so that y;(B) = ux (BN Cy), B € Fo@®" ). Since iy < p and
i — won Zo(R"), the proof of 1.4.3 applies verbatim.

14.9 Theorem. Let F be a distribution function on R”, and let
ul(a, bl = F(a,bl,a,b € R",a < b. There is a unique extension of u to a
Lebesgue-—Stieltjes measure on R”.

ProoF. Repeat the proof of 1.4.4, with appropriate notational changes. For
example, in extending u to #(R"), the field of finite disjoint unions of right-
semiclosed intervals of R”, we take (say for n = 3)

W, v,2): ag <x <by, ar<y<oo, a3<z<oo}=b}7im F(a, bl.
2,03 00
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The one-to-one p-preserving correspondence is given by

(a, b] — (a, b] if a,beR"
or if b € R" and at least one component of
ais —oo;
also, if the interval {(xj,...,x.): @ <x; <b;:i=1,...,n} has some

b; = 0o, the corresponding interval in R"” has a; < x; < 0o. The remainder
of the proof is as before. [

1.4.10 Examples. (a) Let F|, F,,..., F, be distribution functions on R,
and define F(x,...,x,)= F{(x|)F2(x2)--- F,(x,). Then F is a distribution
function on R” since

F(a,b) = [[1F:(b:) — Fia).

=1

In particular, if F;(x;) =x;,i =1,..., n, then each F; corresponds to Lebes-
gue measure on F(R). In this case we have F(x|,...,x,) =x1x;---x, and
u(a, bl = F(a, bl = [[;-,(b; — a;). Thus the measure of any rectangular box is
its volume; u is called Lebesgue measure on % (R"). Just as in one dimension,
the completion of .%(R") relative to Lebesgue measure is called the class of
Lebesgue measurable sets in R", written % (R").

(b) Let f be a nonnegative function from R” to R such that

o0 00
/ / f(xlv-'-’xn)dxl"'dxn<cx).
00 —0

(For now, we assume the integration is in the Riemann sense.) Define

F(x) = / o,
(—00,x

that is,
F(xl,...,x,,)=/ '--/nf(tl,...,t,,)dtl--'dtn.
—00

—00

Then

X1 Xy —1 bn
Ao Pz = [ [ [ nan i,
- —o0 Ja,

oo
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and we find by repeating this computation that

by by
F(a,b]=/ / fQty, .. ty)dey - - - dty,.
(3] an

Thus F is a distribution function. If p is the Lebesgue—Stieltjes measure
determined by F, we have

ula, bl = fx)dx.
(a,b]

We have seen that if F is a distribution function on R”, there is a unique
Lebesgue—Stieltjes measure determined by w(a, b] = F(a, b], a < b. Also,
if u is a finite measure on .#(R") and F(x) = u(—o0,x], x € R”?, then F
is a distribution function on R"” and p(a, b] = F(a, bl.a < b. It is possi-
ble to associate a distribution function with an arbitrary Lebesgue—Stieltjes
measure on R”, and thus establish a one-to-one correspondence between
Lebesgue—Stieltjes measures and distribution functions, provided distribution
functions with the same increments F(a, b], a, b € R", a < b, are identified.
The result will not be needed, and the details are quite tedious and will be
omitted,

The following result shows that under appropriate conditions, a Borel set
can be approximated from below by a compact set, and from above by an
open set.

1.4.11 Theorem. If 11 is a o-finite measure on %(R"), then for each
B e #(R"),

(a) u(B)=sup{u(K): K C B, K compact}.

If u is in fact a Lebesgue— Stieltjes measure, then

(b) wuB)=inf{u(V): V O B, B open}.

{c) There is an example of a o-finite measure on .%(R") that is not a
Lebesgue—Stieltjes measure and for which (b) fails.

Proor.

(a) First assume that  is finite. Let % be the class of subsets of R" having
the desired property; we show that Z" is a monotone class. Indeed,
let B, € ¥,B, 1 B. Let K, be a compact subset of B, with u(B,)
< u(K,)+ ¢, & > 0 preassigned. By replacing K, by (J;_, K;, we may
assume the K, form an increasing sequence. Then p(B) = lim, o tt(Br)
< lim,_, » #(K,)+ &, so that

w(B) = sup{u(K): K a compact subset of B},



1.4 LEBESGUE-STIELTIES MEASURES AND DISTRIBUTION FUNCTIONS 33

(b)

(©)

and Be . If B, € ¥, B, | B, let K,, be a compact subset of B, such
that 4(B,,) < u(K,)+€27", and set K = (), K,,. Then

uB) —uEK)y=nB-K)<p| | JB. —K)|<D uB, —K,) <s

n=1 n=|

thus B € #. Therefore % is a monotone class containing all finite disjoint
unions of right-semiclosed intervals (a right-semiclosed interval is the
limit of an increasing sequence of compact intervals). Hence % contains
all Borel sets.

If u is o-finite, each B € #(R") is the limit of an increasing sequence
of sets B; of finite measure. Each B; can be approximated from within
by compact sets [apply the previous argument to the measure given by
wi(A) = u(ANB;), A e #(R")], and the preceding argument that % is
closed under limits of increasing sequences shows that B € #.

We have u(B) < inf{u(V): VO B, V open}
<inf{lu(W). W>OB, W=K K compact}.
If 1 is finite, this equals w(B) by (a) applied to B¢, and the result follows.

Now assume u is an arbitrary Lebesgue- Stieltjes measure, and write
R" = U,i“;l By, where the B; are disjoint bounded sets; then B; C Ci
for some bounded open set Cj. The measure pi(A) = u(ANCy),
A € #Z(R"), is finite; hence if B is a Borel subset of B, and ¢ > 0,
there is an open set W; D B such that p; (W) < i (B) 4+ €27%. Now
Wi N Cy is an open set Vi and BN Cy, = B since B C By C Cy; hence
w(Vy) < u(B)+ &2 For any A€ .#(R"), let V; be an open set
with Vi DANB and u(Vi) < w(ANBi)+e27%. Then V ={J2, Vi
is open, V 3 A, and u(V) < T2, (Vi) < () +&.

Construct a measure & on #(R) as follows. Let i be concentrated
on S={l/n: n=1,2,...} and take u{l/n} =1/n for all n. Since
R = o2, {1/n} US° and u(S°) = 0, u is o-finite. Since

21
ulo, 11=3 _ — = oo,
n=1

i 1s not a Lebesgue—Stieltjes measure. Now {0} =0, but if V is an
open set containing 0, we have

uV)y> u(—e, ¢) for some ¢

\ > i % for some r
k=r

= 00.
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Thus (b) fails. [Another example: Let «(A) be the number of rational
points in A.]

Problems

1.

Let F be the distribution function on R given by F(x) =0, x < —1;
FxX)=1+4x, —1<x<0, Fox)=2+x%0<x<2; Fx)=9, x>
2. If w is the Lebesgue~ Stieltjes measure corresponding to F, compute
the measure of each of the following sets:

@ {2}, @ [0,3)u(,2],
b [-1,3), (&) {x |x|+2x* > 1}.
(© (-1,01U(1,2),

Let i be a Lebesgue-Stieltjes measure on R corresponding to a con-
tinuous distribution function.

(a) If A is a countable subset of R, show that y(A) = 0.

(b) If u(A) > 0, must A include an open interval?

(¢) If u(A) > 0 and u(R — A) =0, must A be dense in R?

(d) Do the answers to (b) or (c) change if y is restricted to be Lebesgue
measure?

If B is a Borel set in R” and a € R", show that a + B = {a + x: x € B}
is a Borel set, and —B = {—x: x € B} is a Borel set. (Use the good sets
principle.)

Show that if B € % (R"), a € R”*, then a + B € % (R") and p(a + B)
= u(B), where p is Lebesgue measure. Thus Lebesgue measure is
translation-invariant. (The good sets principle works here also, in con-
junction with the monotone class theorem.)

Let i be a Lebesgue—Stieltjes measure on .%(R") such that p(a + 1)
= u(I) for all a € R" and all (right-semiclosed) intervals I in R". In
other words, p is translation-invariant on intervals. Show that y is a
constant times Lebesgue measure.

(A set that is not Lebesgue measurable) Call two real numbers x and
y equivalent iff x — y is rational. Choose a member of each distinct
equivalence class B, = {y: y — x rational} to form a set A (this requires
the axiom of choice). Assume that the representatives are chosen so that
A C [0, 1]. Establish the following:

(a) If r and s are distinct rational numbers, (r +A)N (s +A) =@,
also R = [J{r + A: r rational}.

(b) If A is Lebesgue measurable (so that r + A is Lebesgue measurable
by Problem 4), then @ (r + A) = 0 for all rational r (i is Lebesgue
measure). Conclude that A cannot be Lebesgue measurable.
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10.

*11.

The only properties of Lebesgue measure needed in this problem are
translation-invariance and finiteness on bounded intervals. Therefore,
the result implies that there is no translation-invariant measure A (except
A = 0) on the class of all subsets of R such that A(I) < co for each
bounded interval 7.

(The Cantor ternary set) Let E| be the middle third of the interval [0, 1],
that is, E, = (3, %), thus x € [0, 1] — E, iff x can be written in ternary
form using O or 2 in the first digit. Let E> be the union of the middle
thirds of the two intervals that remain after E, is removed, that is, E;
= (5,3 U3 g); thus x € [0, 1] — (E; UE,) iff x can be written in
ternary form using 0 or 2 in the first two digits. Continue the construc-
tion; let E, be the union of the middle thirds of the intervals that remain
after E, ..., E,_; are removed. The Cantor ternary set C is defined
as [0, 1] — UZO=1 E,; thus x € C iff x can be expressed in ternary form
using only digits 0 and 2. Various topological properties of C follow
from the definition: C is closed, perfect (every point of C is a limit
point of C), and nowhere dense.

Show that C is uncountable and has Lebesgue measure 0.

Comment. In the above construction, we have m(E,) = (1) (%)"_1 ,
n=1,2,..., where m is Lebesgue measure. If 0 <a <1, the
procedure may be altered slightly so that m(E,) = a(%)". We then
obtain a set C(«), homeomorphic to C, of measure 1 — «; such sets are

called Cantor sets of positive measure.

Give an example of a function F: R? — R such that F is right-conti-
nuous and is increasing in each coordinate separately, but F is not a
distribution function on R2.

A distribution function on R is monotone and thus has only countably

many points of discontinuity. Is this also true for a distribution function

on R",n > 1?

(@) Let F and G be distribution functions on R”. If F(a, b] = G(a, b]
for all a,b € R",a < b, does it follow that F and G differ by a
constant?

(b) Must a distribution function on R" be increasing in each coordinate
separately?

If ¢ is the cardinality of the reals, show that there are only ¢ Borel
subsets of R”, but 2° Lebesgue measurable sets.

1.5 MgzasuraBLE FUNCTIONS AND INTEGRATION

If f is a real-valued function defined on a bounded interval [a, b] of reals,
we can talk about the Riemann integral of f, at least if f is piecewise contin-
uous. We are going to develop a much more general integration process, one
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that applies to functions from an arbitrary set to the extended reals, provided
that certain “measurability” conditions are satisfied.

Probability considerations may again be used to motivate the concept of
measurability. Suppose that (£2,.%, P) is a probability space, and that 4 is a
function from Q to R. Thus if the outcome of the experiment corresponds
to the point w € 2, we may compute the number h(w). Suppose that we are
interested in the probability that a < h(w) < b, in other words, we wish to
compute P{w:. h(w) € B} where B = [a, b]. For this to be possible, the set
{w: h(w) € B} = h~1(B) must belong to the o-field &#. If h~'(B) € # for
each interval B (and hence, as we shall see below, for each Borel set B), then
h is a “measurable function,” in other words, probabilities of events involving
h can be computed. In the language of probability theory, A is a “random
variable.”

1.5.1 Definitions and Comments. If h: Q — Q,, h is measurable relative
to the o-fields .%; of subsets of Q;, j = 1, 2, iff k"1 (A) € .#, for each A € .%.

It is sufficient that A~'(A) € #; for eachA € %, where % is a class of subsets
of €, such that the minimal o-field over % is .%. For {A € %: h™1(A) € 7}
is a o-field that contains all sets of %, hence coincides with .%5. This is another
application of the good sets principle.

The notation h: (2;,.%) > (£, %) will mean that h: Q, — 2, mea-
surable relative to %, and .%>.

If & is a o-field of subsets of €2, (2, % ) is sometimes called a measurable
space, and the sets in % are sometimes called measurable sets.

Notice that measurability of 4 does not imply that h(A) € % for each
A € #,. For example, if %, = {0, 2,}, then any h: Q; — Q; is measurable,
regardless of %}, but if A € .% and h(A) is a nonempty proper subset of Q»,
then h(A) € .%,. Actually, in measure theory, the inverse image is a much
more desirable object than the direct image since the basic set operations are
preserved by inverse images but not in general by direct images. Specifical-
ly, we have i~ (UJ; B;) = U; m '(B:), k1 (N; Bi) =(; A~ '(B;), and b~ ' (B°)
= [h~!(B)I°. We also have h ({J; B;) = U, h(A;), but h (; A;) C ); h(A;), and
the inclusion may be proper. Furthermore, h(A°) need not equal [A(A)]°, in fact
when h is a constant function the two sets are disjoint.

If (2,.9) is a measurable space and : Q2 — R” (or R"), h is said to be
Borel measurable [on (2, )] iff h is measurable relative to the o-fields %

and ., the class of Borel sets. If 2 is a Borel subset of R* (or @k) and we
use the term “Borel measurable,” we always assume that # = _#.

A continuous map & from R¥ to R” is Borel measurable; for if Z" is the
class of open subsets of R”, then A~'(A) is open, hence belongs to .Z(R¥),
for each A € 7.
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If A is a subset of R that is not a Borel set (Section 1.4, Problems 6 and
11) and 1, is the indicator of A, thatis, I4(w) = 1 for w € A and 0 for w ¢ A,
then I, is not Borel measurable; for {w: I4(w) =1} = A ¢ H(R).

To show that a function i € — R (or R) is Borel measurable, it is sufficient
to show that {w: h(w) > ¢} € ¥ for each real c¢. For if % is the class of
sets {x: x > ¢}, c € R, then o(%") = #(R). Similarly, {w: h(w) > ¢} can be
replaced by {w: h(w) > ¢}, {w: h(w) < ¢} or {w: h(w) < c}, or equally well
by {w: a < h(w) < b} for all real a and b, and so on.

If (Q, #, 1) is a measure space the terminology “% is Borel measurable
on (,.%, u)” will mean that h is Borel measurable on (€2, %) and u is a
measure on .#.

1.5.2 Definition. Let (2, #) be a measurable space, fixed throughout the
discussion. If i: Q@ — R, k is said to be simple iff h is Borel measurable and
takes on only finitely many distinct values. Equivalently, £ is simple iff it can
be written as a finite sum >, x;1 4, where the A; are disjoint sets in .%# and
1,4, is the indicator of A;; the x; need not be distinct.

We assume the standard arithmetic of R; if a € R, a+ 00 = 00, a — 00
= —00,a/o0 =a/—c0o=0,a-00=o00 if a>0,a-c0=—-0c0 if a<0,
0-c0=0:(—00)=0, 00+ 00 =00, —00 — 00 = —00, With commutativity
of addition and multiplication. It is then easy to check that sums, differences,
products, and quotients of simple functions are simple, as long as the
operations are well-defined, in other words we do not try to add +oo and
—00, divide by 0, or divide co by occ.

Let i be a measure on .%#, again fixed throughout the discussion. If A:
Q — R is Borel measurable we are going to define the abstract Lebesgue inte-
gral of h withrespect to y, written as [, hdu, [, h(@)u(dw), or [, h(w)du(w).

1.5.3  Definition of the Integral. First let h be simple, say h = 3>"[_, x;l4,
where the A; are disjoint sets in .#. We define

JRZE T
i=1

as long as +o0o0 and —co do not both appear in the sum; if they do, we say
that the integral does not exist. Strictly speaking, it must be verified that if
has a different representation, say Z‘;:, vl B, then

ZXW«(A:') = Z yiu(B;).
=1 =1
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(For example, if A =B U C, where BN C =@, then xI, = xIg + xI¢.) The
proof is based on the observation that

h=>" ZZijIA,ﬂBj,

i=1 j=1

where z;; = x; = y;. Thus
> uin@NB)=> x> wANB;)
ij i j
= xin(A)
= Z yiu(B;) by a symmetrical argument.
J

If h is nonnegative Borel measurable, define

/hduzsup{/sdu: s simple, Ofsfh}.
Q Q

This agrees with the previous definition if 4 is simple. Furthermore, we may
if we like restrict s to be finite-valued.

Notice that according to the definition, the integral of a nonnegative Borel
measurable function always exists; it may be +o0.

Finally, if % is an arbitrary Borel measurable function, let AT = max(#, 0),
h~ = max(—#h, 0), that is,

h () = hw) if h(w) > 0, W w)=0 if h(w) < 0;
h™ (w) = —h(w) if h(w) < 0; h (w)=0 if h(w) > 0.

The function A' is called the positive part of h, h~ the negative part.
We have |h|=ht +h~,h=h* — h™, and " and A~ are Borel measurable.
For example, {w: h*(w) € B} = {w: h(w) > 0, h(w) € B} U {w: h(w) <0,
0 € B}. The first set is A7'[0, cc] Nh~1(B) € .%; the second is A~ '[—c0, 0)
if 0eB, and @ if 0¢B. Thus (h*)"'(B) €. % for each B e % (R),
and similarly for k™. Alternatively, if k; and h, are Borel measurable, then
max (hy, hy) and min(h,, hy ) are Borel measurable; to see this, note that

{w: max(h; (@), by (@) < ¢} = {w: k(@) < c}N{w: k(o) <c}

and {w: min(h (@), (@) < ¢} ={w: () <c}U{o: k) <c} It fol-
lows that if & is Borel measurable, so are AT and /.
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We define
/ hdu = / htdu —/ h™du  if this is not of the form 400 —o0;
Q Q Q

if it is, we say that the integral does not exist. The function % is said to be
wu-integrable (or simply integrable if w is understood) iff fQ hdu is finite,
that is, iff [, A" du and [, A~ du are both finite.

If A € %, we define
/hdp,:/hIAdp,.
A Q

(The proof that hl, is Borel measurable is similar to the first proof above that
kTt is Borel measurable.)

If h is a step function from R to R and w is Lebesgue measure, [, hdu
agrees with the Riemann integral. However, the integral of k with respect to
Lebesgue measure exists for many functions that are not Riemann integrable,
as we shall see in 1.7.

Before examining the properties of the integral, we need to know more about
Borel measurable functions. One of the basic reasons why such functions are
useful in analysis is that a pointwise limit of Borel measurable functions is
still Borel measurable.

1.5.4 Theorem. If hy, h, ... are Borel measurable functions from Q to R
and A, (w) > h(w) for all w € €2, then % is Borel measurable.

Proor. It is sufficient to show that {w: h(w) > ¢} € ¥ for each real ¢c. We
have

{w: h(w) > c} =

——

w: lim h,(w) > c}
n—00

Il
—

1
®: h,(w) is eventually > ¢ + — forsome r =1, 2, .. }
r

Il
s

1
{w: hn(w) > ¢ + — for all but finitely many n}
r

,
I

8

Uliminf{w: hy(w) > c+ 1}

" ;

r.

Il
s

o0 00 1
U ﬂ{w. hk(w)>c+;} ez O

l n=1k=n
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To show that the class of Borel measurable functions is closed under alge-
braic operations, we need the following basic approximation theorem.

1.5.5 Theorem. (a) A nonnegative Borel measurable function 4 is the limit
of an increasing sequence of nonnegative, finite-valued, simple functions A,,.

(b) An arbitrary Borel measurable function f is the limit of a sequence
of finite-valued simple functions f,, with | f,| < |f| for all n.

Proor. (a) Define

-1 -1 k
k2n if kTsh(w)<2—n, k=1,2,...,n2"%
and let h,(w) =n if h(w)> n. [Or equally well, h,(w)= (k —1)/2" if
k—1)/2" < h(w) <k/2",k=1,2,...,n2"% h,(0) = n if k(w) > n; h,(w)
= 0 if h(w) = 0.] The h, have the desired properties (Problem 1).

ha (w) =

(b) Let g, and %, be nonnegative, finite-valued, simple functions with
gt fTand h, t f7;take fr, =g, —h,. O

1.5.6 Theorem. If h; and h; are Borel measurable functions from 2 to R,
so are hy + hy, hy — hy, hihy, and h;/h; [assuming these are well-defined, in
other words, hi(w) + hy(w) is never of the form +00 —o0¢ and A (w)/h2 ()
is never of the form co/co or a/0].

Proor. As in 1.5.5, let sy,,s2, be finite-valued simple functions with
Stn —> hl, §2. — hy. Then s, + 52, — Iy + hy,
SteS2nd (r, 200 (hy 20y = hih2,

and
Sin h

- —.
s + (/M) (5, =0y 2

Since
1 —1
Sin £ 82, S1n82nd (1,201 (y 20}, Sin (SZn + ;I{sz,,zo})
are simple, the result follows from 1.5.4. O

We are going to extend 1.5.4 and part of 1.5.6 to Borel measurable functions
from Q to R"; to do this, we need the following useful result.

1.5.7 Lemma. A composition of measurable functions is measurable; spe-
cifically, if g: (1, 51) — (22,%2) and h: (, %) - (Q3,53), then
hog (Q, %) > (3, 9).
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Proor. If B € .7, then (hog)~'(B) = g~ ' (h"'(B)) €.%;. O

Since some books contain the statement “A composition of measurable
functions need not be measurable,” some explanation is called for. If A
R — R, some authors call & “measurable” iff the preimage of a Borel set
is a Lebesgue measurable set. We shall call such a function Lebesgue measur-
able. Note that every Borel measurable function is Lebesgue measurable, but
not conversely. (Consider the indicator of a Lebesgue measurable set that is
not a Borel set; see Section 1.4, Problem 11.) If g and 4 are Lebesgue mea-
surable, the composition % - g need not be Lebesgue measurable. Let .# be the
Borel sets, and % the Lebesgue measurable sets. If B € % then h~' (B) € %
but g~' (h~'(B)) is known to belong to % only when h~'(B) € B, so we
cannot conclude that (h-g)~!(B) € %. For an explicit example, see Royden
(1968, p. 70). If g1 (A) € F for all A € .5, not just for all A € %, then we are
in the situation described in Lemma 1.5.7, and h- g is Lebesgue measurable;
similarly, if /4 is Borel measurable (and g is Lebesgue measurable), then ko g
is Lebesgue measurable.

It is rarely necessary to replace Borel measurability of functions from R to R
(or R¥ to R") by the slightly more general concept of Lebesgue measurability;
in this book, the only instance is in 1.7. The integration theory that we are
developing works for extended real-valued functions on an arbitrary measure
space (€2, %, u). Thus there is no problem in integrating Lebesgue measurable
functions; Q@ = R, # = %,

We may now assert that if Ay, hy, ... are Borel measurable functions from
Q to R” and h, converges pointwise to h, then h is Borel measurable; fur-
thermore, if h; and h, are Borel measurable functions from € to R', so
are hy + hy and h; — hy, assuming these are well-defined. The reason is that if
h(w) = (hi(®), ..., h,(w)) describes a map from Q2 to R", Borel measurability
of h is equivalent to Borel measurability of all the component functions ;.

1.5.8 Theorem. Let h: Q — R"; if p; is the projection map of R" onto R,
taking (xy,...,x,) to x;, set by = p;oh,i =1,... n. Then k is Borel mea-
surable iff 4; is Borel measurable for all i =1, ..., n.

Proor. Assume 4 Borel measurable. Since
Pl e <x<b}=xeR':aq<x<b, -oo<x;<o0, j#i,
which is {interval of R”, p; is Borel measurable. Thus
h (QF) > R, B®R"Y)), p: R, BR)) > R, B[R)),
and therefore by 1.5.7, h: (Q,.%) — (R, B(R)).
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Conversely, assume each h; to be Borel measurable. Then

FixeR": ag<x;<b;, i=1,...,n}

=ﬂ{w€§2: a; < hi(w) < b} € 7,

i=1

and the result follows. [
We now proceed to some properties of the integral. In the following result,
all functions are assumed Borel measurable from € to R.

1.5.9 Theorem. (a) If fQ hdu exists and ¢ € R, then fQ chdu exists and
equals ¢ [, hdu.

(b) If g(w) > h(w) for all w, then [, gdu > [, hdu in the sense that
if f,hdw exists and is greater than —oo, then [, gdu exists and [, gdu
> [qhdu; if [, gdu exists and is less than +oo, then [, hdu exists and
Johdu < [, gdu. Thus if both integrals exist, [, gdu > [, hdu, whether or
not the integrals are finite.

(¢) If [y hdu exists, then | [, hdul < [, || du.

(d) Ifh>0andB €%, then [, hdu =sup{f,sdu: 0 <s < h, s simple}.

(e) If [, hdu exists, so does [, hdu for each A € 7, if [, hdy is finite,
then f, hdu is also finite for each A € 7.

Proor. (a) Itis immediate that this holds when 4 is simple. If 4 is nonneg-
ative and ¢ > 0, then

/ chdu = sup {/ sdu; O0<s<ch, s simple}
Q Q

=csup{/ Edp,; 0=< 2 <h, 2 simple} =c/hdu,.
QcC c C Q

In general, if A= h* — h™ and ¢ > 0, then (ch)t = ch™, (ch)™ = ch™; hence
Jochdu=c [ohtdu —c [oh du by what we have just proved, so that
Jochdu =c [ohdu. If ¢ <0, then

(ch)yt = —ch™, (ch)” = —ch™,

/chd;L:—c/h“du—!—c/h’“du:c/hdu.
Q Q Q Q

(b) If g and h are nonnegative and 0 < s < h, s simple, then 0 < s <
g; hence [, hdp < [, gdp. In general, h < g implies h* < g*, h™ > g~ If

SO
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Johdu > —oo, we have [, g7 du < [ h™ du < 00; hence [, g du exists and

equals
/ gtdu— /g dp,>/h+dp, /h du = /hdu,

The case in which [, gdp < 0o is handled similarly.

(c) We have —|h|<h<|h| so by (a and (b), — [,|hldu
< Johdu < [, |kl du and the result follows. (Note that |h| is Borel mea-
surable by 1.5.6 since |h| =hT +h".)

(d) If0<s<h,then [,sdu < [, hdu by (b); hence

/hdp,zsup{/sdu,: Ofsfh}.
B B

If 0<t<hlp t simple, then t =tlg <h so [,tdu < sup{f,slzdu:
0 < s < h, s simple}. Take the sup over ¢ to obtain [, hdu < sup{f, sdu:
0 < s < h, s simple}.

(¢) This follows from (b) and the fact that (hl4)* = h* I, < h™, (hl4)”
=h"l,<h. O

Problems

1. Show that the functions proposed in the proof of 1.5.5(a) have the desired
properties. Show also that if & is bounded, the approximating sequence
converges to h uniformly on €.

2. Let f and g be extended real-valued Borel measurable functions on
(2, #), and define

= g(w) if w € A,

where A is a set in .#. Show that % is Borel measurable.

3. If fy, fa,... are extended real-valued Borel measurable functions on
Q,#),n=12,..., show that sup, f, and inf, f, are Borel
measurable (hence limsup, ., f» and liminf, .. f, are Borel
measurable).

4. Let (2, %, 1) be a complete measure space. If f: (Q, ) — (,. %)
and g:\Q — Q', g = f except on asubset of aset A € # with u(4) =0,
show that g is measurable (relative to .% and .#”).

*5. (a) Let f be a function from R¥ to R™, not necessarily Borel measur-
able. Show that {x: f is discontinuous at x} is an F, (a countable
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union of closed subsets of R¥), and hence is a Borel set. Does this
result hold in spaces more general than the Euclidean space R"?

(b) Show that there is no function from R to R whose discontinuity set
is the irrationals. (In 1.4.5 we constructed a distribution function
whose discontinuity set was the rationals.)

How many Borel measurable functions are there from R” to R¥?

We have seen that a pointwise limit of measurable functions is measur-
able. We may also show that under certain conditions, a pointwise limit
of measures is a measure. The following result, known as Steinhaus’
lemma, will be needed in the problem: If {a,;} is a double sequence of
real numbers satisfying

(i) Yopeiaw =1 for all n,
(i) >332 lank] < ¢ < oo for all n, and
(iii) a,; — 0 as n — oo for all k,
there is a sequence {x,}, with x, =0 or 1 for all n, such that ¢,
= Z,fil aqx; fails to converge to a finite or infinite limit.

To prove this, choose positive integers n, and k; arbitrarily; having cho-
senny, ...,k ...,k choose n,.; > n, such that stkr |an,, k| < %;
this is possible by (iii). Then choose k., > &, such that Zk>k,+] lan,, k|
< %; this is possible by (ii). Set x, =0, ky;_y < k < kps, 5 = 1, kg,
<k <kyi1, s=1,2,.... We may write ¢, ., as hy + hy + h3, where
hy is the sum of a, , xx; for k < k,, hy corresponds to k, < k < k.1, and
hyto k> k.. If ris odd, then x, =0, k, < k < k,,; hence |t,,, | < %.
If r is even, then hy = Zk,<ksk,+1 an,, k> hence by (i),

3
h=1-— Za"er — Z A,k > 7

k<k, k>kpp)

Thus z, ., > % — || — |h3| > %, so {t,} cannot converge.

Vitali— Hahn~Saks Theorem. Let (2, % ) be a measurable space, and let
P,,n=1,2 ..., be probability measures on .%. If P,(A) —» P(A) for
all A € #, then P is a probability measure on .%; furthermore, if {B;} is a
sequence of sets in % decreasing to @, then sup, P,(B;) | 0 as k — co.
[Let A be the disjoint union of sets A, € .%; without loss of generality,
assume A = Q (otherwise add A€ to both sides). It is immediate that P
is finitely additive, so by Problem 5, Section 1.2, & = Y, P(Ax) < P(2)
=1Tfa < 1,setay = (1 — )" '[P,(Ar) — P(A;)] and apply Steinhaus’
lemma.]



1.6 BASIC INTEGRATION THEOREMS 45

(b) Extend the Vitali—-Hahn—Saks theorem to the case where the P, are
not necessarily probability measures, but P, (2) < ¢ < oo for all ». [For
further extensions, see Dunford and Schwartz (1958).]

1.6 Basic INTEGRATION THEOREMS

We are now ready to present the main properties of the integral. The results
in this section will be used many times in the text. As above, (2,.%, 1) is a
fixed measure space, and all functions to be considered map Q to R.

1.6.1 Theorem. Let h be a Borel measurable function such that [, hdu
exists. Define A(B) = thdu,,B € F. Then X is countably additive on .#;
thus if A > 0, A is a measure.

Proor. Let h be a nonnegative simple function >, | x;/4,. Then A(B)
= [yhdu =3, x;u(B NA;); since p is countably additive, so is A.

Now let & be nonnegative Borel measurable, and let B = Uf,czl B,, the B,
disjoint sets in .#. If s is simple and 0 < s < A, then

o0
sdu = /sd
/B m ;Bn "

by what we have proved for nonnegative simple functions

o0
< Z/B hdu
n=1 n

by 1.5.9(b) (or the definition of the integral).

Take the sup over s to obtain, by 1.5.9(d), A(B) < Zflozl M(B,).

Now B, C B, hence Iy, < Ig, so by 1.5.9(b), A(B,) < A(B). If A(B,)) =00
for some n, we are finished, so assume all A(B,,) finite. Fix n» and let ¢ > 0.
It follows from 1.59(b), (d) and the fact that the maximum of a finite number
of simple functions is simple that we can find a simple function s, 0 <s < h,
such that

/sdp,z/hdp,—i, i=12,...,n.
B, B, n

Now \

A«(B[UUBn):/n hd[.,LZ/” Sdl“l‘: /sdu
UBi UBI ; 1

=1 i=1
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by what we have proved for nonnegative simple functions, hence

,\(Blu-.-UB,,)zZ/ hdu—e=> AB;)—e.
=1 V8 i=1

Since A(B) > A (UL, B;) and ¢ is arbitrary, we have

MB) = ) MB)).

i=1

Finally let h = h*t — h~ be an arbitrary Borel measurable function. Then
AB) = [yhtdu— [,h du. Since [, htdu < oo or [, h™ dp < oo, the re-
sult follows. [

The proof of 1.6.1 shows that X is the difference of two measures A+ and
1~, where AT(B) = [, htdu, A~ = [, h™ du; at least one of the measures A ™
and A~ must be finite.

1.6.2 Monotone Convergence Theorem. Let h(, h;, ... form an increasing
sequence of nonnegative Borel measurable functions, and let h(w)
=limyc0 b (@), @ € Q. Then [, h, du — [, hdu. [Note that [, h, du
increases with n by 1.5.9(b); for short, 0 <h, + h implies fQ h, du
t Johdul

Proor. By 1.5.9(b), [ hndp < [, hdu for all n, hence k = lim, oo [ 2n
du < [ohdp. Let 0<b <1, and let s be a nonnegative, finite-valued,
simple function with s < h. Let B, = {w: h,(®) > bs(w)}. Then B, 1 Q since
h, + h and s is finite-valued. Now k > fQ hy, du > an h, du by 1.5.9(b),
and f, h,du>b [, sdu by 1.5.9(2) and (b). By 1.6.1 and 1.2.7, [, sdu
— stdp,, hence (let b —> 1) k> stdp,. Take the sup over s to obtain
k> [ohdu. O

1.6.3 Additivity Theorem. Let f and g be Borel measurable, and assume that

f + g is well-defined. If [, fdu and [, gdu exist and [, f du+ [, gdu is
well-defined (not of the form 400 —00 or —o00 +00), then

/Q(f+g)du=/gfdu+/ggdu-

In particular, if f and g are integrable, so is f + g.
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Proor. If f and g are nonnegative simple functions, this is immediate from
the definition of the integral. Assume f and g are nonnegative Borel measur-
able, and let ¢,, u, be nonnegative simple functions increasing to f and g,
respectively. Then 0 <s, =t,+u, + f+g Now [os,du= [, t,du
+ [, un du by what we have proved for nonnegative simple functions; hence

by 1.62, [o(f +8)du= [, fdu+ [, gdu.
Now if f>0, g<0, h=f+g>0 (so g must be finite), we have

f=h+(—g); hence [, fdu = [ohdu— [,gdu. If [,gdu is finite, then
Johdu= [o fdu+ [,gdu, and if [, gdu = —oo, then since h > 0,

/fduz—/gdu=oo,
Q Q

contradicting the hypothesis that [, f du + [, g du is well-defined. Similarly,
if f>0, <0, h<0, we obtain [, hdu = [, f du + [, gdu by replac-
ing all functions by their negatives. (Explicitly, —g >0, —f <0, —h=—f
— g > 0, and the above argument applies.)

Let

E ={w: f(w)=0, g(w) > 0},
E; ={w: f(w)=0, g(w) <0, h(w) > 0},
E; ={w: f(w)=0, gw) <0, h(w) < 0},
Es={w: f(w) <0, gw) >0, h(w) > 0},
Es ={w: f(w) <0, g(w) > 0, h(w) < 0},
E¢={w: f(w) <0, g(w) < 0}

The above argument shows that [, hdu = [, fdu+ Je, 8du. Now [, f du
= Z, g £ Jogdi =S5, [ gduby 161, so that [, f du+ [, g du
=3¢ . fE hdu, and this equals [, hdu by 1.6.1, if we can show that [, hdu
exists; that is, Jo P dp and [, b~ dp are not both infinite.

If this is the case, [; h"du = ij h™du = oo for some i, j (1.6.1 again),
so that [, hdu = oo, ijhdp, = —oo. But then [, fdu or [, gdu = oo;
hence [, fdu or [, gdu = co. (Note that [, f+du > fEi ftdu.) Similarly
Jo fdu or f, gdu = —o0, and this is a contradiction. [



48 1 FUNDAMENTALS OF MEASURE AND INTEGRATION THEORY

1.6.4 Corollaries. (a) If hy, hy, ... are nonnegative Borel measurable,

o0 o0
h, | du = hy, dyt.

Thus any series of nonnegative Borel measurable functions may be integrated
term by term.

(b) If h is Borel measurable, h is integrable iff |h| is integrable.

(c) If g and h are Borel measurable with |g| < A, h integrable, then g is
integrable.

ProoF. (@) Y.p—; M 1 Xope; k. and the result follows from 1.6.2 and 1.6.3.
(b) Since |h| = h* + k™, this follows from the definition of the integral
and 1.6.3.
(¢) By 1.59(b), |g| is integrable, and the result follows from (b)
above. [

A condition is said to hold almost everywhere with respect to the measure
W (written a.e. [u] or simply a.e. if y is understood) iff there is a set B € #
of u-measure 0 such that the condition holds outside of B. From the point of
view of integration theory, functions that differ only on a set of measure 0
may be identified. This is established by the following result.

1.6.5 Theorem. Let f, g, and h be Borel measurable functions.

(@ If f=0ae. [u], then [, fdu=0.
(b) If g=hae. [u] and [, gdu exists, then so does [, hdpu, and [, gdu

= [ohdu.

Proor.

(@) If f =37 x4, is simple, then x; # 0 implies 1(4;) = O by hypoth-
esis, hence [, fdu=0.1If f >0 and 0 <s < f, s simple, then s =0 a.e.
(1], hence [, sdu =0;thus [, fdu=0.If f = f*— f~,then f* and f,
being less than or equal to | f|, are 0 a.e. [i], and the result follows.

(b) Let A={w: g(w)=h(w)}, B=A". Then g=gls+ glg, h=hl,
+ hlg = gl + hlg. Since glg = hlz = 0 except on B, a set of measure 0,
the result follows from part (a) and 1.6.3. [

Thus in any integration theorem, we may freely use the phrase “almost
everywhere.” For example, if {h,} is an increasing sequence of nonnegative
Borel measurable functions converging a.e. to the Borel measurable function
h, then [, h,du — [ hdu.

Another example: If g and & are Borel measurable and g > % a.e., then
Jogdu > [, hdu [in the sense of 1.5.9(b)].
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1.6.6 Theorem. Let h be Borel measurable.

(a) If h is integrable, then A is finite a.e.
() Ifh>0and [,hdu =0, then h=0ae.

Proor. (a) Let A={w: |h(w)| =00} If w(A)>0, then [, |hldu>
J |kl dp = cop(A) = 0o, a contradiction.

(b) Let B={w: h(w) >0}, B, ={w: h(w)>1/n}1 B. We have
0 <hly, <hlg=h; hence by 159(0), an hdu =0. But an hdu
> (1/n)u(B,), so that u(B,) =0 for all n, and thus u(B) =0. O

The monotone convergence theorem was proved under the hypothesis that
all functions were nonnegative. This assumption can be relaxed considerably,
as we now prove.

1.6.7 Extended Monotone Convergence Theorem. Let g, g,....,g, h be
Borel measurable.

(@ If g, > hfor all n, where [,hdu > —oc, and g, 4 g, then

/gnduT/gdu-
Q Q

(b) If g, <h for all n, where [, hdu < oo, and g, | g, then

/gndu¢/gdu-
Q Q

Proor. (a) If [, hdp = oo, then by 1.5.9(b), [, g, du = oo for all n, and
ngdu = 00. Thus assume fQ hdu < oo, so that by 1.6.6(a), % is a.e. finite;
change h to O on the set where it is infinite. Then 0 <g, —ht g—h ae.,
hence by 1.6.2, [,(g: —h)du 1 (g — h) du. The result follows from 1.6.3.
(We must check that the additivity theorem actually applies. Since [, hdu
> —00, [, gndp and [, gdu exist and are greater than —oo by 1.5.9(b).
Also, [, hdy is finite, so that [, g, du — [, hdpu and [, gdu — [ hdu are
well-defined.)

G’) —8&n = —h, fQ —hd/.L > —00, and —8n T —&- By part (a), - fQ 8n d/“"
t—Jogdu, so fogndu  fogdu. O

The extenckd monotone convergence theorem asserts that under appropriate
conditions, the limit of the integrals of a sequence of functions is the integral
of the limit function. More general theorems of this type can be obtained if



50 1 FUNDAMENTALS OF MEASURE AND INTEGRATION THEORY

we replace limits by upper or lower limits. If fi, f2, ... are functions from €
to R, liminf, . f, and limsup,_, ., f, are defined pointwise, that is,

(tim nf £, ) (@) = sup inf fi(o),

n

(lim sup f,,) (w) = inf sup fir(w).
k>n

n—00 n

1.6.8 Fatou’s Lemma. Let f|, f5,..., f be Borel measurable.
(@ If f, = f for all n, where [, f du > —oo, then

liminf | f,du > / (lim inf f,,) du.
Q Q \ oo

n—>00

(b) If f, < f for all n, where [, f du < 0o, then

limsup/ frdu 5/ (limsupf,,) du.
n—00 Q Q H—00
Proor. (a) Let g, = infy>, fi, g =liminf f,. Then g, > f for all n,

Jo fdu> —o0, and g, + g. By 1.6.7, [, g dpn t [ (liminf,_.. f,)du. But
&n =< fu, S0

lim | g,du =lim inf/ gndu <lim inf/ frdu.
n—00 Q n—>00 Q n—0C Q
(b) We may write
/ (hm supf,,) du = —/ liminf(— f,,) du
Q n—00 Q h—o0

—liminf | (—f,)du by (a)
Q

n—>00

v

= lim sup/ frdu. O
n—>0 Q
The following result is one of the “bread and butter” theorems of analysis;
it will be used quite often in later chapters.

1.6.9 Dominated Convergence Theorem. If f|, f>, ..., f, g are Borel mea-
surable, | f,| < g for all n, where g is u-integrable, and f, — f a.e. [u], then

f is p-integrable and [, f, du — [, f du.
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Proor. We have |f| < g a.e.; hence f is integrable by 1.6.4(c). By 1.6.8,
/ (nm inf f,,) di < lim inf / fadu < limsup / Fudu
Q n—>00 Q n—00 Q

n—00
5/ (limsupf,,) du.
Q n—00

By hypothesis, liminf, . f, = limsup,_, . f» = f a.e., so all terms of the
above inequality are equal to [, fdu. O

1.6.10 Corollary. If f,, fa, ..., f, g are Borel measurable, | f,| < g for all
n, where |g|? is u-integrable (p > 0, fixed), and f, — f a.e. [u], then |f|?
is p-integrable and [ |fx — fIP du — 0 as n — oo.

Proor. We have |f,|P < |g|? for all n; so |f|? <|g|?, and therefore | f|?
is integrable. Also | f, — fI? < (If.l 4+ | f])? < (2|g|)?, which is integrable,
and the result follows from 1.6.9. [

We have seen in 1.5.9(b) that g < h implies fQ gdu < fQ hdu, and in fact
J,8du < [, hdpu for all A € .#. There is a converse to this result.

1.6.11 Theorem. If . is o-finite on %, g and h are Borel measurable, [, g du
and [, hdu exist, and [, gdp < [, hdp for all A € 7, then g <h a.e. [u].

Proor. It is sufficient to prove this when w is finite. Let

Ay = {w: £(@) = h@) + % Ih@)] < n} :

Then
1
/hduz/ gduz/ hdp + —u(Ay).
A, A, A, n

But
‘/ hdu«‘ 5/ |h|dp < np(A,) < oo,
4,

An

and thus we\nay subtract fAn hdu to obtain (1/n)u(A,) <0, hence u(A,)
= 0. Therefore u,(UZo=1 A,) = 0; hence u{w: g(w) > h(w), h(w) finite} = 0.
Consequently g < h a.e. on {w: h(w) finite}. Clearly, g < h everywhere on
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{w: h(w) = oo}, and by taking C,, = {w: h(w) = —00, g(w) > —n} we obtain
—oou(Cy)= [ hduz [ gduz -m(C.y
Cu C,

hence u(C,) = 0. Thus u(U;>, C.) = 0, so that
wlw: glw) > hw), h(w) = —o0} =0.
Therefore g < h ae. on {w: h(w) = —o0}. O

If g and k are integrable, the proof is simpler. Let B = {w: g(w) > h(w)}.
Then f, gdn < [, hdu < [, g du; hence all three integrals are equal. Thus by
163, 0= [,(g — h)du = [,(g — h)z du, with (g — h)Iz > 0. By 1.6.6(b),
(g—h)p =0 ae., so that g =h a.e. on B. But g < h on B, and the result
follows. Note that in this case, i need not be o-finite.

The reader may have noticed that several integration theorems in this section
were proved by starting with nonnegative simple functions and working up
to nonnegative measurable functions and finally to arbitrary measurable func-
tions. This technique is quite basic and will often be useful. A good illustra-
tion of the method is the following result, which introduces the notion of a
measure-preserving transformation, a key concept in ergodic theory. In fact it
is convenient here to start with indicators before proceeding to nonnegative
simple functions.

1.6.12 Theorem. LetT. (2, %) — (2, %)) be a measurable mapping, and
let i be a measure on .%. Define a measure pug = uT~' on %, by

mo(d) = w(T™1A)), AeFA.

If Qy=Q, % =%, a_nd Mo = K, T is said to preserve the measure y.
If f: (R, %) > (R, Z(R)) and A € %, then

/ AT (@) du(@) = / £ (@) duo(@),
T-14 A

in the sense that if one of the integrals exists, so does the other, and the two
integrals are equal.

Proor. If f is an indicator I, the desired formula states that

w(T'ANT 'B) = puo(AN B),
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which is true by definition of wy. If f is a nonnegative simple function
Sty xilg,, then

=S5 [ 1T 163
[, fT@) du) > [ In@@)du@) by

_ ;xl. /A I, (@) dpso (@)

by what we have proved for indicators

=/Af(w)dp,0(w) by 1.6.3.

If f is a non-negative Borel measurable function, let fy, f, ... be nonnegative
simple functions increasingto f. Then [, fu(T (@)) dp(w)= f, fn(®)dpo(®)
by what we have proved for simple functions, and the monotone convergence
theorem yields the desired result for f.

Finally, if f = f* — f~ is an arbitrary Borel measurable function, we have
proved that the result holds for f* and f~. If, say, [, /T (®)duo(w) < oo,
then fT"l i T(T(w)) du(w) < 00, and it follows that if one of the integrals
exists, so does the other, and the two integrals are equal. [J

If one is having difficulty proving a theorem about measurable functions
or integration, it is often helpful to start with indicators and work upward. In
fact it is possible to suspect that almost anything can be proved this way, but
of course there are exceptions. For example, you will run into trouble trying
to prove the proposition “All functions are indicators.”

We shall adopt the following terminology: If 1 is Lebesgue measure and A
is an interval [a, b], [, f du, if it exists, will often be denoted by fab fx)dx
(or f:l' e fal:' f@y, -+, xx)dxy - - - dx, if we are integrating functions on R").
The endpoints may be deleted from the interval without changing the integral,
since the Lebesgue measure of a single point is 0. If f is integrable with
respect to i, then we say that f is Lebesgue integrable. A different notation,
such as r,,(f), will be used for the Riemann integral of f on [a, b].

Problems

The first three problems give conditions under which some of the most
commonly ocourring operations in real analysis may be performed: taking a
limit under the integral sign, integrating an infinite series term by term, and
differentiating under the integral sign.
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Let f = f(x, y) be a real-valued function of two real variables, defined
fora < y < b, ¢ < x < d. Assume that for each x, f(x, -) is a Borel mea-
surable function of y, and that there is a Borel measurable g: (a, b)) > R

such that | f(x, y)| < g(y) for all x, y, and f: g)dy < o0o. If xy € (c,d)
and lim,_, ,, f(x, y) exists for all y € (a, b), show that

b b
tim [ sy = [ tim 7)) .

Let f,, f2, ... be Borel measurable functions on (€2, .%, u). If

o0
Z/If,,ldu<oo,
n=1 2

show that Z;,“;l fn converges a.e. [u] to a finite-valued function, and
fsz (Z;z.ix fn) du = Ziil fsz Sfrdu.

Let f = f(x, y) be a real-valued function of two real variables, defined
fora <y < b,c < x <d, such that f is a Borel measurable function of
y for each fixed x. Assume that for each x, f(x, -) is integrable over (a, b)
(with respect to Lebesgue measure). Suppose that the partial derivative
Sf1(x, y) of f with respect to x exists for all (x, y), and suppose there is a
Borel measurable h: (a, b) — R such that |f(x, y)| < h(y) for all x, y,

where fab h(y)dy < 0.

Show that d[[” f(x, y)dyl/dx exists for all x € (c,d), and equals

fab f1(x, y)dy. [It must be verified that f,(x, -) is Borel measurable for
each x.]

If 1 is a measure on (£2,.% ) and A, A,, ... is a sequence of sets in .%,
use Fatou’s lemma to show that
" (nm ian,,) < liminf 1 (A,).
n n—00
If w is finite, show that
" (hm supA,,) > lim sup w(A,).

n—o0

Thus if y is finite and A = lim, A,,, then pu(A) = lim,_, o u(A,). (For
another proof of this, see Section 1.2, Problem 10.)

Give an example of a sequence of Lebesgue integrable functions f,
converging everywhere to a Lebesgue integrable function f, such that

nli’rgo /:: fn(x)dx < /-o; f(x)dx.
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Thus the hypotheses of the dominated convergence theorem and Fatou’s
lemma cannot be dropped.

6. (a) Show that floo e 'In tdt =1lim,_, fln[l —(/n)]"In tdt.

(b) Show that [} e7/In rdr = lim, o f[1 — (t/n)]" In tdt.

7. If (R,.%, u) is the completion of (€2, .%, 1) and f is a Borel measurable
function on (2, %), show that there is a Borel measurable function g on
(2, ) such that f = g, except on a subset of a set in %, of measure
0. (Start with indicators.)

8. If f is a Borel measurable function from R to R and a € R, show that

/:f(x)dx= /:f(x—a)dx

in the sense that if one integral exists, so does the other, and the two are
equal. (Start with indicators.)

1.7 CoMPpaRISON OF LEBESGUE AND RIEMANN INTEGRALS

In this section we show that integration with respect to Lebesgue measure
is more general than Riemann integration, and we obtain a precise criterion
for Riemann integrability.

Let [a, b] be a bounded closed interval of reals, and let f be a bounded
real-valued function on [a, b], assumed fixed throughout the discussion. If
P: a=xy <x  <-:--<Xx,=>bis a partition of [a, b], we may construct the
upper and lower sums of f relative to P as follows.

Let

M; =sup{f(y): xi-y <y < x}, i=1,....n,

m; = inf{ f(¥): xio1 <y < x}, i=1,...,n,

and define step functions « and B, called the upper and lower functions
corresponding to P, by

o(x)=M; if X < X < x;, i=1,...,n,
Bx)=m; if Xi_] < x <x;, i=1,....n
[e(a) and B(a) may be chosen arbitrarily]. The upper and lower sums are

given by

UP) =) Mi(x; — xiy),
i=1

LP) = mi(x; — xi_).
i=1
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Now we take as a measure space Q = [a, b], & = 7 [a, b], the Lebesgue
measurable subsets of [a, b], u = Lebesgue measure. Since « and § are simple
functions, we have

UP) = /abadu,, L{P)= /ab Bdu.

Now let Py, P,, ... be a sequence of partitions of [a, b] such that P, is
a refinement of P, for each k, and such that |P;| (the length of the largest
subinterval of P;) approaches 0 as k — oo. If o and B, are the upper and
lower functions corresponding to Py, then

ap>2az->f>> 0> 8.

Thus o, and B, approach limit functions « and 8. If | f| is bounded by M, then
all oy | and |B;| are bounded by M as well, and the function that is constant
at M is integrable on [a, b] with respect to u, since

ula, bl = b —a < oco.

By the dominated convergence theorem,

b

b
lim U(P;) = lim o du =/ o du,
k—00 k— 00 a

and , i
lim L(P) = m/ ,skdu=/ Bdu.
k—00 k—o0 J, a

We shall need one other fact, namely that if x is not an endpoint of any of
the subintervals of the Py,

f is continuous at x iff a(x) = f(x) = B(x).

This follows by a standard ¢—§ argument.

If limy, oo U(P}) = limg_, o L(P}) = a finite number r, independent of the
particular sequence of partitions, f is said to be Riemann integrable on [a, b],
and r = ry,(f) is said to be the (value of the) Riemann integral of f on [a, b].
The above argument shows that f is Riemann integrable iff

b b
/aw=/ﬂw=n
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independent of the particular sequence of partitions. If f is Riemann inte-
grable,

b b
r(f)= [ adu= [ pau.
a a
We are now ready for the main results.

1.7.1 Theorem. Let f be a bounded real-valued function on [a, b].

(a) The function f is Riemann integrable on [a, b] iff f is continuous
almost everywhere on [a, b] (with respect to Lebesgue measure).

(b) If f is Riemann integrable on [a, b], then f is integrable with respect
to Lebesgue measure on [a, b], and the two integrals are equal.

Proor. (a) If f is Riemann integrable,

ruﬁ=lzw=l%w.

As 8 < f <a, 1.6.6(b) applied to ¢ — B yields ¢ = f = B a.e.; hence f is
continuous a.e. Conversely, assume f is continuous a.e.; then o = f = 8 a.e.
Now « and 8 are limits of simple functions, and hence are Borel measurable.
Thus f differs from a measurable function on a subset of a set of measure
0, and therefore f is measurable because of the completeness of the measure
space. (See Section 1.5, Problem 4.) Since f is bounded, it is integrable with
respect to w, and since ¢ = f = 8 a.e., we have

l3w=l%w=l3w, M

independent of the particular sequence of partitions. Therefore f is Riemann
integrable.
(b) If f is Riemann integrable, then f is continuous a.e. by part (a). But

then Eq. (1) yields r,(f) = fab f du, as desired. O

Theorem 1.7.1 holds equally well in n dimensions, with [a, b] replaced by
a closed bounded interval of R”; the proof is essentially the same.

A somewhat more complicated situation arises with improper integrals;, here
the interval of integration is infinite or the function f is unbounded. Some
results are givem in Problem 3.

We have seén that convenient conditions exist that allow the interchange
of limit operations on Lebesgue integrable functions. (For example, see Prob-
lems 1-3 of Section 1.6.) The corresponding results for Riemann integrable
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functions are more complicated, basically because the limit of a sequence of
Riemann integrable functions need not be Riemann integrable, even if the
entire sequence is uniformly bounded (see Problem 4). Thus Riemann inte-
grability of the limit function must be added as a hypothesis, and this is a
serious limitation on the scope of the results.

Problems

1. The function defined on [0, 1] by f(x) = 1 if x is irrational, and f(x) =0
if x is rational, is the standard example of a function that is Lebesgue
integrable (it is 1 a.e.) but not Riemann integrable. But what is wrong
with the following reasoning?

If we consider the behavior of f on the irrationals, f assumes the
constant value 1 and is therefore continuous. Since the rationals have
Lebesgue measure 0, f is therefore continuous almost everywhere and
hence is Riemann integrable.

2. Let f be a bounded real-valued function on the bounded closed interval
[a, b]. Let F be an increasing right-continuous function on [a, ] with cor-
responding Lebesgue—Stieltjes measure o (defined on the Borel subsets
of [a, b)).

Define M;, m;, @, and B as in 1.7, and take

n b
UCP) = 3 MAF ) = P = [ ada
i=1 a

n b
LP) = Y- m(F )~ Fes-) = [ B
i=1 a

where fab indicates that the integration is over (a, b]. If {P;} is a sequence
of partitions with |P;| — 0 and Py, refining P, with o, and S, the upper
and lower functions corresponding to Py,

b
lim U(Py) =/ adu,
k— 00 a

b
lim L(P;) = / B,
k—o00 a

where o = limy_, o0 0k, 8 = limg_. oo Bi. If U(P;) and L(P;) approach the
same limit r,,(f; F) (independent of the particular sequence of partitions),
this number is called the Riemann—Stieltjes integral of f with respect to
F on [a, b], and f is said to be Riemann—Stieltjes integrable with respect
to F on [a, b].
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(a) Show that f is Riemann-—Stieltjes integrable iff f is continuous a.e.
[u] on [a, b].

(b) Show that if f is Riemann—Stieltjes integrable, then f is integrable
with respect to the completion of the measure p, and the two integrals
are equal.

3. If f: R — R, the improper Riemann integral of f may be defined as

r(f)= lim rg(f)

a—>—0o0
b—oc

if the limit exists and is finite.

(a) Show that if f has an improper Riemann integral, it is continuous
a.e. [Lebesgue measure] on R, but not conversely.

(b) If f is nonnegative and has an improper Riemann integral, show that
f is integrable with respect to the completion of Lebesgue measure,
and the two integrals are equal. Give a counterexample to this result
if the nonnegativity hypothesis is dropped.

4. Give an example of a sequence of functions f, on [a, b] such that each
fn is Riemann integrable, |f,| <1 for all n, f, — f everywhere, but f
is not Riemann integrable.

Note: References on measure and integration will be given at the end of
Chapter 2.



